























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































About Different Kinds of Research Projects 239

lines for reaching the final goals. After a long excursion in trials to use instead
of polynomials quotients between polynomials to get good enough interpola-
tion formulas to the tables of Hald and of Owen we came to the conclusion
that the formulas obtainable in this way were not good enough when we had
to take into acccount the stubborn fact that our desk-top computer was not
really prepared to handle programs with more than four given input constants
and pretty small number of orders in the same run. When this became clear
we were ready to investigate formulas of the type
d)(—x)=<p(x)(§—$+x%—§+ )

which we knew where good for sufficiently large values of x but had some well-
known drawbacks of beeing only restrictively convergent and clearly bad for
x<1. At this point I remembered the almost forgotten results from 25 years
ago, to use 1/x+l/27t instead of 1/x. An excursion in this direction lead to
promising formulas of the type

W H=pn (xo-(i—l a i (x Tza)"’ " (x faleaa)3 h (x :4(1)4 it )

but they were not really tested very carefully with respect to their usefulness
before I got the idea to try if it would be possible to express @(—x)/@(x) by
means of the method of continued fraction in a form useful for practical cal-
culations. Because I had almost forgotten how to change over from poly-
nomials to continued fraction a lot of time was spent in attempts to remem-
ber how to perform the trick—already the tempation was large to go to a large
library and try to find some book telling us how to do it—when my old me-
mories were revitalized. However we made a fantastic number of erroneous
calculations before it became clear that the result could be written in the ele-
gant form.

O(—x)

e =1/x+2[x+3[x+... +g/(x+ P s1(x))

where every new fraction P,(x) is connected with the next one by means of
the simple rules

P,(x)= g=1,2,3...

g
x+ Pyyqy(x)’
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PoiaX) =i =¥

O(x) = @(x)/(x + (Py(x)).

The discovery seemed too good to be true, but was repeatedly checked
and found to be correct. This type of recursion formulas fitted our desk-top
computer perfectly if only the continued fractions could be stopped for in-
stance for some given g <20 by making use of an approximately correct non-
recursive step giving a sufficiently good approximation to ®(—x)/¢(x) for
0<x<l.

How such a good final step was found is too long a story to be told com-
pletely. It can be mentioned that quite a number of more or less complex but
surprisingly accurate formulas have participated in the contest. The perti-
nent difficulty was to keep the number of coefficients to be used as computer
input below 5. The highlights on the way towards our target were the fol-
lowing findings:

If we develop P,(0)/P,(x) in a Taylor expansion (1.0)
1 PA0)
@,(x) = m= bx)+a,x=1+a,x+b,x2+c,x*+d,x*+... (1.1)
g

then the coefficients a,, b, etc. can be determined recursively by means of the
nice formulas:

Py, (0)= F%O_) P(0)=v= Vf—z 1.2)

2O _ a, a=v'-v (1.3)

g1~

byt =ag1—b, by=v"—}§ 1.4
Co+1 =1 (Bgr1— b)) —¢, €= U(U_4 =207 %+ 2 (1.5)
dv+1= _da+aa+1(ca+1—ca)_babv+l d1=v_4—%v_2+%i (1'6)

These formulas can easily be derived from the recursion formulas for P,(x).
Starting values are directly obtained by expanding

(M) o ( o(x) x) 1 200(—x)

v pO(—x) v)  2¢(x) —20(—x)
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The numerical values of the above-mentioned coefficients are presented in
Table 1.

2. The functions P,(x) and b,(x) can be written in many different forms which
might be useful in searching for nonrecursive approximation formulas.

Py(x) = Py(0) b,(x) 2.11)
__ P(0)
T a,x +by(x) 212
= P0) (by-1(x) — ay(x)) (2.13)
2
- (2.14)
2 a,x +b,(x)
e O
2g
- — = (2.15)
ST
28 (2.16)

TV A+ 1) 4P, 1) (Pyra) — Pora()

Similar identities are obtained for b,(x)

by(x) = @y X+ 0,11(x) @21)
1
=qg1 X + m (2.22)
= —a,x+(by-1(x) —a,x)7! (2.23)
1.2 e GenX+bhy(x)
Vaa+1x o XF B ) (2.24)
by(x) — by1(x)
) T Oo\X) ~ Dg+1(X)
Va,,“ x2+1+ s (2.25)
=V1+2b,x%+2¢,x* + (2d, + bZ) x4 + ... (2.26)

These formulas can easily be derived from the basic recursion formula for

- &
P =35p (2.0)

by solving equations of at most second degree.
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3. In actual search for useful approximation formulas, we have tried to combine
information in the Table 1 and the above-mentioned recursion formulas in
order to make use of information both from origo and infinity and thus to
get approximation formulas behaving asymptotically correctly and having
correct derivates of at most fourth order in origo. It might be mentioned that
rough approximations will be obtained by substituting P, ,(x)=P,(x) on the
right side of 2.15 or b,,,(x)=5,(x) on the right side of 2.25 Approximation
formulas thus obtained can again and again be substituted in the corre-
sponding formulas. If in 2.16 we put P, ,(x)=P,,,(x) we will get the upper
limit of P,(x) and if in 2.14 we put a,,;x+b,,.,(x) =a,x +b,(x) we will get the
lower limit of P,(x). Utilizing more efficiently the information in the Table
1 we get more accurate approximation formulas such as the following ones:

by(x)~ 1/ 25, x2=b,(x) (3.1
~ Qg1 X +_Bm(i)_

~ Va§+1 x2+a,+1;c+5,:1(x) 3.2
~ V(b (x))* + eby(x)) (3.3)

where

_{_ g 2a,4

8,(5,()6)) B (l g+ Aaxq) (aam ¥ aan G+ =2b ) 34

where
5= o1t 0ed) 57 | poy 030,004 (3.5)

2,14

Formulas 3.2 and 3.3 are asymptotically correct but they are already too
complicated for the memory of our desk-top computer. Quite a number of
formulas has participated in the contest of choosing the best approximation
formula but they are not valuable enought to be mentioned. Without further
comments we will also give a very efficient method for computation of the in-
verse function to the normal distribution function. The derivation of these
formulas will be left to the final report of the project. Before the final report
is published we will investigate the very accurate formulas (3.2) and (3.3) by
using a big memory computer and study the literature on the subject.

1 Note added while the manuscript was in print:
The basic continued fraction form of ®(— x) is according to Shenton (Biometrica 41, 1954)
derivable from a formula due to Laplace (1805). The formula (3.2) has been found to be
very accurate giving (when g =49) at least 15 significant figures compared with 13 significant
figures given by (3.1.).

408



About Different Kinds of Research Projects 243

The research process illustrated above is in many respects a typical example
of a search process for obtaining an efficient work routine. Some difficulties
may arise in judging when the search has reached the point where the prob-
ability of finding any new significant improvements is sufficiently low. It
might be a wise policy to establish well defined goals and means in the begin-
ning of such a project. To judge the efficiency of the competing suggestions a
set of practical trials might be needed. The heavy burden of the practical trials
makes it desireable to make a preliminary elimination of final loosers by means
of whatever scant information is available ex ante actual trials. Usually it is
easy to decide which of many alternatives of a search project is the best if
only a sufficient number of trials is made.

In research projects of the analytic type no practical trials are needed be-
fore the results can be classified as correct or wrong. Thus the quality of ana-
lytic results can be determined by pure logic and critical thinking. Most ana-
lytic problems can be solved by relying on wellknown basic mathematical
facts but nevertheless there exist scientifically intersting cases which require
creative thinking. Challenging problems of this kind may require a formidable
amount of thinking energy before a solution to the problem is available or
the problem is given up. In order to obtain a solution to such a problem it is
usually necessary to build a new language of mathematical symbols and con-
cepts. Such an enlargement of our scientific terminology can lead to new
progresses in that domain to which the solved problem belongs.

According to my experience of scientific work all kinds of research projects
require a deep interest in the subject, scientific imagination and hard work. I
like to underline the importance of the art of asking such a sequence of rela-
tively simple questions that the answers to them lead towards the solution of
the main problem. During the idea producing phase of the process it might
be dangerous to let critical thinking play such an important role that it blocks
the flow of promisingideas, but some control is needed for avoiding the possi-
bility of being caught too early by one idea when another maybe clearly bet-
ter one still waits for being detected. Quality control of the final results should
be carefully done by checking the chain of thoughts and the formulations of
the findings over and over again.

Finally I like to emphasize the importance of having as myself an experienced
clerical staff and a team of efficient research assistants available for reaching
the targets of started research projects.
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Table 1. Input coefficients for program 1.

g PL0) a, by ¢ d,

1 0.7978845606  0.4554295770  0.0707963275  —0.0060039903  —0.0012563831

2 1.2533141376  0.3424543836  0.0464790882  —0.0023235694  —0.0007737872

3 1.5957691212  0.2842020852  0.0342917370  —0.0011401012  —0.000483717.

4 1.8799712064  0.2477209552  0.0270739346  —0.0006478997  —0.000322766.

5 21276921616  0.2222718464  0.0223308391  —0.0004063568  —0.000228129.

6 23499640080  0.2032665859  0.0189864658  —0.0002734425  —0.000168837.

7 25532305939  0.1883940821  0.0165058643  —0.0001938881  —0.000129563.

8 27416246760  0.1763531456  0.0145945676  —0.0001431750  —0.000102389.

9 29179778217  0.1663499389  0.0130777345  —0.0001091500  —0.000082814.
10 3.0843277605  0.1578698190  0.0118451452  —0.0000854386  —0.000068349,
11 3.2421975796  0.1505629570  0.0108240588  —0.000068299.  —0.000057282,
12 3.3927605366  0.1441822775  0.0099644703  —0.000055638.  —0.000048748.
13 3.5369428141  0.1385477672  0.0092310134  —0.000045980.  —0.000041896.
14 3.6754905813  0.1335247569  0.0085978473  —0.000038562.  —0.000036480.
15 3.8090153383  0.1290102846  0.0080458062  —0.000032656.  —0.000031934,
16 3.9380256228  0.1249240712  0.0075602173  —0.000028005.  —0.000028312.
17  4.0629496942  0.1212025302  0.0071298360  —0.000024157.  —0.000025124.
18  4.1841522242  0.1177945106  0.0067457107  —0.000021090.  —0.000022610.
19 43019467350  0.1146583907  0.0064008358  —0.000018452.  —0.00002026. .
20  4.4166051256  0.1117598585  0.0060894301  —0.000016349.  —0.00001847..
21  4.5283649842  0.1090703977  0.0058069215  —0.000014463.  —0.00001667. .
22 4.6374353819  0.1065660301  0.0055493972  —0.000012979.  —0.00001538. .
23 47440014120  0.1042264872  0.0053137634  —0.000011579.  —0.00001395. .
24  4.8482278993  0.1020344437  0.005097264.  —0.000010511.  —0.00001302..
25 4.9502623429  0.0999750521  0.004897746.  —0.000009435.  —0.00001183. .
26 5.0502373951  0.0980354416  0.004713201.  —0.000008656.  —0.00001117. .
27 5.1482728366  0.0962044582  0.004542096.  —0.000007804.  —0.00001015. .
28 5.2444772949  0.0944723135  0.004382921.  —0.000007232.  —0.00000970. .
29 53389496084  0.0928304470  0.004234570.  —0.000006538.  —0.00000879. .
30 5.4317800554  0.0912712636  0.004095873.  —0.000006120.  —0.00000851. .
Program 1
1. Task Computation of

-z v e——.t'lz
®(=) f o PO 5 )+ )
Given:
1 —zY2
x20,p(x)=—=e 1" = , Tablel
V2n 2
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Table 2. Values of P,(x), | Pgsy(x) — Py(x)| < 5-1077

x g=2 g=3 g=4 g=5 g=6 g=17

0.3 0.698165 0.698166 0.698166 0.698166 0.698166 0.698166
0.5 0.641070 0.64108. 0.641077 0.641078 0.641078 0.641078
1.0 0.52508. 0.52515. 0.525132 0.525136 0.525135 0.525135
1.6 0.4239.. 0.42415. 0.424123 0.424130 0.424129 0.424129
2.0 0.3730.. 0.37325. 0.37321. 0.373217 0.373215 0.373216
2.6 0.3138.. 0.31409. 0.314053 0.314058 0.314057 0.314057
3.0 0.2828.. 0.2831.. 0.283095 0.283099 0.283099 0.283099
3.6 0.2456. . 0.24583. 0.245811 0.245814 0.245813 0.245813
4.0 0.22559 0.22562, 0.225605 0.225607 0.225607 0.225607
4.4 0.20810. 0.20827 0.208270 0.208272 0.208271 0.208271

2. Choice of g for instance g= 10
3. Choice of approximation for P (x)
Py(x) ~ Py(0)/(a x + B(x)) =H r>o(X)

where

b, (x)=V2b,x* +1/(1 —2¢,x%)

4. Backward step
P anlX) =Hj (Pn-’h+1(x) +x)
h=g—1,g-2,...,1

5. Solution

ve—x'.z

=D Cor == 25 T

6. Evalution of error
&,(X) = | Ppsy(x) — Py(x)|< 1072 for g=>25

7. Values of P, (x) see Table 2
Findings on the way to the forward steps chosen in Program II
L
If 2_’.0 O0\(x)dx=L,x;~x, and y,=L—x;—2log(6,(x)/v)

186 —695610 Wold
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then

Xg — X ™ Yl Q1 (%) + VQ%(XJ:) +[Q10x) + 01 () (e, — X331y
and if

O1(x)=Py(x) +x
then

2 f 0,0 dx =+ 2108 QW)

and Qi(x)=Pi(x) + 1= P;(x) 0\(x)
01'(x) = — 01(x) + Py(x) @:(x) (Py(x) + Q1(x))

Program II
1. Task Computation of
x=x4 when @(—x,)=0<}
Given:
= —21log2®
xo=L/(0.21+ VL +2)

2. Forward step k—~k+1

(1 _pqu) )]
X1 =X+ +‘/ e+ (1—
= X ["" BT T T 0+ pege— 1)I6(1 —p) g

G = Xic T Dy

D= Pas1(:)

Ve=L—L,

L=} +210g (qu)
3. Solution

Xp=X1
4. Evalution of errorr

| %o — x| <0.015

[, —x4] <1072,
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