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Abstract

This note warns against the routine use of ordinary least squares
(0LS) estimation technique in stochastic difference equation models.
Unless the error process is given proper attention the estimation will
result in models whose interpretations may be totally wrong. If the
error process is nonstationary OLS will yield models with a strong
autoregressive component regardless of the true value of the
autoregressive parameter. Two important situations, where problems of
the above nature arise, are in certain tests for rational expectations
hypotheses and in the estimation of the adjustment speed parameter in
partial adjustment models. Rational expectations hypotheses may be
accepted too easily and the partial adjustment models will indicate
extremely slow adjustment towards the target, even though the truth

might be a very fast adjustment.

We give theoretical reasoning behind these estimation problems and

also point to the difficulty in recognizing any misspecification

through residual analysis.

1. INTRODUCTION

In econometric modelling of time series and other data it is more than
customary to derive the models to be estimated from the premises of
relevant economic theory and then just for the estimation add a random
error term to account for the noise around the deterministic relation-
ship. After the estimation the implications of the estimated model are
argued on the basis of the deterministic part of the model. For some

of the empirical work this is a legitimate strategy e.g. when testing



the adequacy of economic theories. Much of the legality however, hinges
on the appropriateness of assuming the errors of the model to be random
noise. A sizeable amount of prior belief on the correctness of the
deterministic specification will be introduced through this assumption.
In time series analysis this would particularly mean that all the
dynamics of the variables have been captured into the deterministic
part, and that the error part has no substantial role in the

generation of the variable of interest regardless of the sequential

nature of the data generating process.

It is, of course, natural why a model-plus-noise structure is
desirable. Interpretations are straightforward and the estimation of
the unknown parameters is best done by simple methods, usually OLS.
If, in addition, a careful investigator does not afterwards see
anything alarming in the residual autocorrelations, then the
specification of the model needs no excuses and good faith can be put

on the implications of the estimated model.

This note focusses on the properties of OLS estimates of stochastic
difference equations, when there is nonstationarity in the dependent
variable due to an omitted variable or a proper error term. Two
peculiar features result from the OLS estimations. Firstly, the
estimate of the autoregressive parameter in the stochastic difference
equation specification is shown to converge to unity regardless of the
true value of the parameter. The second peculiar feature is the
difficulty in finding anything suspicious in the residuals of the
estimated model, which is the most common source for detecting

specification problems.



Since the arguments we present are asymptotic it does not matter which
of the two sources is the cause for nonstationarity as long as the
possible omitted variable is uncorrelated with the included
explanatory variable. Therefore the problems in the estimation are not
due to the usual omitted variables problem but to the improper account

for nonstationarity in the errors.

2. A SIMPLE REGRESSION MODEL

In this section we consider a simple regression model

Vg = th_] t ey, t=1,2,...,n, (1)

where x is assumed stationary, with an absolutely summable auto-

t-1
covariance function, and for the ease of exposition with mean zero.
A key assumption regulating model (1) here is that €4 is nonstationary,

such that either

(1) ey

or

(1) € = YZi 4 tag o,

where ay is Gaussian white noise, and in (11) Zy 1 = Zp o v e g

with n Gaussian white noise and independent of a; and X$_1°

t-1
A common source for nonstationarity in €4 may be the case (11) as
Treadway (1983) has stressed. However, for our purposes (1) and (11)

are equivalent in a sense of yielding exactly the same problems for



the estimators we consider. We will first consider one type of a

potential danger in using data arising from a model like (1).

Consider a situation, where some rational expectations hypothesis
would imply Et-l(AytIIt-1) = 0, where A = I-L and It—1 s some relevant
information set of the past history up to and including period t-1, see

e.g. Hall (1978).

A convenient route to set this implication under scrutiny is first to
look at Yi alone and see whether its autoregressive representation

has a unit root. Now OLS estimation of

Vi =0y 4 + errory

will give an estimate $ which converges to unity when (1) is the true
model. For a proof in case (1) see Ahtola (1986). The case (11) can be
handled similarly. Therefore it is easy to start to look at the
behavior of Ayt and regress it on the variables in the information

set. Consider we regress Ay, on x; .

Ayy = BXy 4 *+ Uy (2)

where ut

a, - th—Z’ in case (1)

or Ug = @y - 3 4 + YNy q - BXt-Z’ in case (i1).

OLS in (2) gives



It is immediately seen that plim é =B (1 -F)x(1)), where px(l) is

the autocorrelation coefficient of the x-series at lag 1.

As often 1s the case px(1) may be quite large and consequently the
bias towards zero in é can be considerable. Since the purpose of the
regression (2) is to test HO: B =0 vs. HA: B # 0, the bias in é

is Tikely to favor H0 in practice. Thus the rational expectations

hypothesis would not easily be rejected, even though the true model

Were y, = BXy | * YZy 1+ ;.

There is another problem in the above analysis, too. This problem is
rather serious, since it makes the analysis look very innocent even
for a careful investigator. Namely, the residuals, ﬁt, from (2) may

show no sign of autocorrelation. For instance in case (1)

AVg = BXg g = BYg - BXp g+ B0y ()X

s>
(o
n

ut + Bpx(1)xt_1 = at - B(xt_z - px(1)xt_1)
Now, Xy o - px(1)xt_1 is white noise if X4 obeys an AR(1)

model. Therefore the residual series can often in practice look like

white noise.

3. A SIMPLE STOCHASTIC DIFFERENCE EQUATION

We now turn to a simple stochastic difference equation

Vg =dq¥pq *BXy F oy (3)



The assumptions for (3) are the same as those with (1), and typically
0 < ¢1 < 1. Specification (3.1) is the familiar form to estimate

e.g. the partial adjustment model

(3a)

Byy = (V= 0¥ q - Yyq) (3b)

by adding an error term to the derived difference equation form. We
believe, i1t is usually the case that both (3a) and (3b), that is, the
target level and the adjustment process, should be thought of as
behavioral relationships with their own error terms. Restricting these
error terms to be white noise precludes the possibility for the target
to adjust, possibly slowly, due to changing environment, (cf.
Feldstein and Ayerbach (1976)) and the possibility for a fast actual
adjustment (small ¢1) towards the target. In fact, we will see that
OLS estimation in (3) gives plim $] = 1, that is, very slow

adjustment speeds will be estimated from (3).

Furthermore, the OLS estimate of 3 can be considerably biased towards
zero, and finally the estimated residuals may show no apparent auto-

correlation.

Theorem 1 Let the true model be (3), with |¢1| < 1 and the assump-
tions for Xt _q and €y be the same as those with model (1). If we

apply OLS to estimate ¢1 and 8 in (3) then

plim . =1 and plim B - e‘(jiﬁ‘](pxu-n - P ().



Proof: See the Appendix.

15 AR(1) withp (3) = o then plim 6 = ¢ ;:.%¢{

Note that if Xt 1
Therefore, g is strongly biased towards zero when p is large and ¢]

small.

The most important implication of the above theorem is that the short
run dynamics of the model will be badly misinterpreted. The short run

effect of x on y, will be underestimated and the adjustment

t-1
speed of Vi towards its target will be (possibly grossly) under-
estimated. Thus the estimated model could give an indication of a very
stuggish dynamics from x to y although the true model could be Ayt =

BAxt_1 toay, where changes in x transmit quickly to changes in y.

Again, the residuals Up = ¥4 - ¢q¥e_1 - th_1 may indicate

that the 0OLS estimated model is in no doubt, since autocorrelation in
%t may be hard to find. We will use the AR(1) model for the x-series
to demonstrate this.

Now,

= Vg - b¥yq ~ By

c>
o+
I

I
1 -pp,

Ayt

Thus, in case (1)

(1 -4qL)u, = (1 - 9yL)y, - %—‘Saq B(1 - 0qL)%y



-
B (.| - L)xt_~|

-0 BT —0qLixg 4 + 3y

1 -P
R if—
1 —p(b'l

(Pxp g - X p) * 3o

which 1s white noise.

Therefore'ﬂt behaves 1ike an AR(1) model with autoregressive parameter
¢]. If the true ¢1 is small, then autocorrelation in Gt is difficult

to detect and we would probably be happy with the estimated model.

As a special case ¢1 = 0, and therefore we see that all the problems
encountered earlier in Section 2 are still present if we use the OLS
regression of (3) as a basis for a test of the rational expectations

hypothesis.

4. CONCLUSTONS

To conclude this note, we can summarize some practical implications
from the neglect to consider Yy as arising from a model with auto-

correlated errors:

- strong autoregressive relationships for y, are often estimated.

- failure to recognize the influence of regressor variables and
especially too easy acceptance of rational expectations hypotheses.

- the short run dynamics of the model will be misinterpreted and, in
particular, adjustment speeds towards the target will be easily
underestimated

- failure to see any misspecification from the residuals.
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APPENDIX

Proof of Theorem

The OLS estimates of ¢ and B3 are

1

" 2 -1

oy zyt—1 Zyt—1Xt—1 Ve 1Y

B Yy, .x Ix° 1% 1Y
J t-1%t-1 t-1 t-1¥t

~

First, let us look at ¢1:

2 .
: (Qxg_POQye_ v = Qv X, DA% v
1 -3

2 2 2
Qvs_DAxg_ ) - Qv (X )

It is straightforward to show that
th—let = Op(n) , which implies that
Zyt_lxt_1 = Op(n) and th—lyt N Op(n)’.

Therefore dividing the numerator and denominator by IlZyi_l

which is Op(n3), we get

2 )y, .y
T t-17t i
n alX¢ 1 "E”E—__ Op(n ™
¢, = Y _1
15,2 -1
= ZXt_1 - Op(n )
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Since (1 - ¢1L)(1 ~ L)yt is stationary, we immediately see
Yo N >
that plim ——351—5 = 1. Also plim % th—l = di > 0. There-
A LY
. L
fore p11m¢1 = 1}

A

Next, look at B

2
(zyt—l)(zxt—lyt) - (Eyt—lxt—l)(zyt—lyt)

2 2 2
(Zyt_1><2xt_1> = (Zyt_lxt_l)

. o =10 ars : ¢ 2
Again dividing the numerator and denominator by n)yt_l, we

get
1 1
~ ﬁ'ixt—lyt n Eyt—1xt—1(1 * Op(l))
B =
1 2 -1
ﬁ-ZXt_l - Op(n )
Inserting Ve = ¢1yt_1 * OBR ot B, the numerator becomes
! {( 1) 3 3 (1)
—_ — +
) SN Ye-1 Xpop v Egd oot
-1k by, + o (D
n t-1 7t P
i A = = A =
Since Ve BX, , * u., Wwhere ug ¢1 Vi1 BX, _, *+ @,
then after repeatedly inserting
bye g1 T B 5t Upojoqe J 7001
into ut, we quickly see that
’ ~ © . ]
plim B = BC L #3710 _(J-1> = p_(3))). Q.E.D.
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