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DESCRIP'l'ION OIo' 'rHE INCOME DIS'l'RIBU'I'ION BY TUE SCALED

F DISTRIBUTION MODEL

by Pentti L.I. Vartia and Yrjö O. Vartia

A new ineome distribution model, the sealed Io' distributjon,
is suggested. This distribution is a elose approximation
to the log-normal distribution for low and medium ineomes
and to the Pareto distribution for high ineomes. EstilOation
of the F distribution 1s based on moment- and ML-methods.
Its statistieal properties and eonneetions with some other
well-known distributions (e.g. the Beta distribution) nlake
the model easy to apply.

1. Introduetion

The theoretieal distributions most eomrnonly in deseribing

the distribution of personal ineome have been the log-normal

and the Pareto distribution. Pareto's law appiies to the

higher incomes only, while the log-normal distribution otten

gives a good fit for the lower and medium parts of an observed

distribution.

There is plenty of both theoretieal and empirieal evidence

1n favour of the Pareto and log-normal distributions as the

right type of partial approximations to we11-behaved ineome

distributions, see e.g. Cramer (1971, p. 38-75), wha gives several

references. When trying to describe the entire range af

ineomes by a single clistributian we have rcgarded appropriate

to require t~~t the following desiderata are fulfilled:

1. Correct ql,lalitativ0. b.~bilvi.ollr: the distributian should

approximate Pareto distribution for hjgh incomes and

give a better overall fit than the lag-normal madel
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2. Estimation by standard mcthods: It should be possible to

estimate the model using some familiar method proposed

by estimation theory and having desirDble propertics

when data i5 samplcd from the distribution.

3. Ea v to apply und manipulate: the stati~tical characteristics

of the estimated model (predicted frequencies, measures

of central tendency and inequality, etc.) should be ea5ily

determined by standard methods without having to use

laborous numerieal methods.

No simple set of generally approved ru1es of contest exist

in the art of fitting income distributions. This makes it

difficu1t to eva1uate various suggestions. Main prob1em is

how much weight should be given to good fit, how much to

simp1icity or beauty. Davis (1941), Champernowne (1953),

Fisk (1961) and Singh and Madda1a (1976) seem to stress the

goodness of fit, while the log-normal distribution and e.g.

the gamma distribution proposed by Sa1em and Mount (1976)

beat these distributions in simp1icity and are easy to

estimate. By desiderata 1.-3. we intend ta give a tentative

clarification of the wishes involved.

We have here followed the traditionai fitting approach and not

required that an ineome formation process shou1d be invented

to rationa1ize a particu1ar ineome distribution, ef. Davis

(1941, p. 412) and Crar"er (1971). If a distribution approximatcs

well other distributions generated by some theoretieal processes

(e.g. log-norma1 and Pareto) a 1ack of a process of its own is

a lesser disadvantago. Some authors, c.g. Salemandtvlount (1974),

also strcss the economic intcrpretation of the original paraloeters

af the distr ibut..i on. This desidcratum does not concern 50 much

the mode1 but a particular representation af it, because the
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distributioncan often bereparametrized using economically

meaningful paramet.ers (e. g. i ts mean, coeff icient of variation

etc.). However, the pardmetcrs of our model have a natural

interpretation.

Denoting money income, a random variable, by x we

propose the following (scaled and shifted) F distribution model

(I) (~ - ,) = Af ' (~ - T) ~ 0 ,

where F is distributed according to Fisher's F distribution

\vith parameters m and n, [~F (m,n). The shift

parameter T is the minimum income for which

the model is used. Nhen T o we have the (unshifted) scaled

F distribution model. The shifted model may be preferred if

only incomes' exceeding some T are recorded, as in the case, e.~.,

with taxed income in Finland. Although some truncated distribution

might be more appropriate, the shifting of the origo is often a

convenient approximation.

The density function of [ 1s

(2)
~-l -!(m+n)

f (F ) = C F 2 (1+~F ) 2 F ,. 0
[ m,n n

where

m

(~)2/r(~)r(~) and r(z) i5 Euler's
n 2 2

gamma functi'on. We denote the distribution of the scaled

variabJe A[ by F{A,m,n), the scaled F distribution.

Thus the density function af

the scaled F distribution i8 ddxP(A[~X)=fAE(X)=fE(Ä)/A.

Thatthe money income exceeding T distributes according ta the

scaledF distribution can now he exp~cssed by

(3) (~ - T) ~ 0 •



The interpretations given here to the par<lJTleters of the sCilled

F distribution F (A,m, n) are similar to those Q~ the formerly used

income distr ibution measures. The shape parameters m and n measure the

inequality of ineame in low and high ineome groups in a

sense similar to the Pareto parameter.
l

) The seale paramcter A

is given the dimension of the unit af accounting (e.g. mark) and

it 1s closely connected with the geometrie mean of the shifted

income (~-T), e.g. A = Geom (~-T) if m=n. With proportionate

growth the relative changes 1n A are always equal to relative ehanges

in (shifted) income.

2. Connections with other distributions

Let us consider first incomes exceeding Xo or the conditional

variable (~I~>xo)' If (~I~>xo) obeys Pareto's law,

(~I~>xo)~pareto (xO,a), then
2

)

We say that a distribution 'has a Pareto tail' if its

conditional vnriable (~I~>xo) satisfies (4) when x
O

"" oo or,

geomctrically, its deereasing distribution function approacllCs

a straight line on double logarithmic paper, see figure 4.

1) This correspands ta the i.dea of 'Twa-Tailed Pareto Distribution'
presented by Champernovme (1953) to approximal:c not. on1y the
upper tail but also the lower tail of the distribution by a
straight line on a double-logllrithmic scale.

2) The Pareto model may also be gcnerulized for the shi(tcd
j.l1come V<lriable (~-T): (~-ll~-T>XO)~ Pureta (XO,ll) <lnd
P (~>x I~>:X:O+T):=: [x o/ (X-"T) Ja for. X>XO+T. ThllS wc:~ sec
that:. the shift: panllllnler T < nd the truncat.ion parmnet 'T

x o areconnccted with cach other in no simplc way.
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The mean af parcto (xota), or E(~I~>xo)' exists only when a>l

and equals xa(a/a-l). The conditional variance D2(~I~>xo)

exists on1y when a>2, and simi1arly for higher mcments.

It is we11-known that the uppor tail of the log-normal

distribution does not agree with the Pareto distribution

but gives a systematic " undershooting". However, the density
.1J+1

f\1nc'l.:ion f
AF

(x) approaches C (l/x) 2 , a Pareto dE"nsi ty, vlhere

a=n/2. F(A,m,n) has thus a Pareto tail as required by

desideratum 1. The expectation E(~)=n/(n-2) exists on1y for

n>2, in accordance with the Pareto distribution. If n4 2

the mean of the F distribution approaches infinity. Ana1ogous1y

the k:s moment of Kexists on1y if n>2k. These facts ref1ect

the shewness of empirica1 income distributions and shou1d

not be regarded as a disadvantage as Fisk (1961, p. 1/2) does.

The scaled F distribution F(A,m,n) is also a close approximation

to the log-normal distribution because

10g ~ = log A + log F log A + 2~

where z i5 Fisher's z-variable, i.e.,

(6 ) 12" log F ;;;: 12" log

the distribution of whicr. is closely normul for moderata m and n.

Cumulative distribution functions of!:, plotted on 10gari'l.:11lOic

probabi1ity paper (Figure 1) ,as presented, e.(]., by lIalc1 (1960, p. 377)

show the c10se corrospondence between the 10g-normal and

F distributions. From these figures we sao that the distribution

function of 10gA~ on probability paper 1s S-shBped or its

distrihution i5 lcptocurtic as requir:~d by Rllthcrfonl (19S5)



Figu.rc 1. Cumuliltivc frequencies af the
obscrvcd distribution and af the log-normal
and F distribuU on models plotted on loga
rithmic probabiJity paper, i.e., their
"log-normal representations" .
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and Lydall (1968, p. 66). Therefore the scaled F distribution

seems to fulfil desideratum 1. Our moment method estimation

uses the correspondence of ~- and K-variables.

The flexibility of our F distribution mOdel i ) is reflected

by the following results given, e.g., by Hald (1960, p. 384-387):

1. 2tor n = 00 , E = x /m and fF(F)-m
2(scaled x -variable)

(inverse of a scaJ.ed

2. tor m = 00 , F = n/x2
-n

-(g+l) __n_
anu f

F
(Fj = C F 2 e 2F.

x2-var~abJ.e)

3. for m-+ 00 and n-+ 00 the F distribution approaches via

normal distributions a singular distribution concen-

trated on point 1.

using 1. we get. Ax2/mr--"Gamma (m/2A,m/2) =F (A,m,oo), 1. e. them

gamma distribution proposed by Salem anc1 Mount (1974) is a

special case of the scaled F distribution, when n=oo. Therefore,

using any data and any goodness of fit measure some F(A,m,n) fits

still better than the best fitting gamma distribution.

x>O.f (x)
~

cA r (~) r (~)

Thus F(1/a,to,2,2) is Fisk's (196J.) sech 2-distribution

and F(1/a
2

, (1/a
1

a
3
)1/a2 ,2,2a

3
) is the distribution

propased by Singh <lnd Maddala (1976), both being
special cases of the gencralized F distribution.

P(c,A,m,m) als9.-.Q.ppro<lches log-normal (]l,(T2), when m-. 00,
A=elJ and c = ..1'/1110 2 • F(c,A',m,n) is a vcry flcxible distributian

2
which sut.i.sfics at lcast our two first desidcrata. Estimation
of F(c,A,m,n) may be donc according ta chaptcr 3.1.

1) In Vartia and Vartia (1972) we proposed as an income
distribution the generalized (scaled) F distribution
F(c,A,m,n). This is the distribution of ~=A~C, where
A and c are positive parameters and ~~F(m,n). The
density function of F(c,A,m,n) is

m
"2

r (m+n) (!!!)
2 n



Figure 2. Cumulative frcquencies of the observed distribution
and the Beta-distributions corresponding to the estimated F
distribuU.on TlIodels; the unit square representation.
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In the following the ML-estimation of the scaled F distribution

model x:= AF is based on the transform<ltion

(7)
x

A:=.!2 AA :=
m

,
A + x

which produces a Beta(m/2, n/2) distributed variable ~ in the

interv<ll [O,ll, see Cram~r (1946, p. 242). The distribution

function of ~ i8 the incomplete betafunction I (rn/2,n/2)x

tabulated by Pearson (1968), also computer subprograms are

often available. The incomplete betafunction is ooe of the most

investigated higher tran~cendental functions, see e.g.

Abramowitz and Stegun (1970). This i5 a benefit when properties

of F(A,m,n) are derived. Note that Thurow (1970) has fitted beta

dist:r;-ibut;ion d:i,.J';"_ectly to !2.QQled income data.

It Is interesting to in~estig<lte the distribution functions

of the estimated Beta(m/2, 0/2) distribution and the

corresponding transformed observed distribution in the unit

square, as is done in Table 3 and Figure 2. The scaled F-

variable ~ on the original income scale in terms of A is

given by the inverse transformation of (7): ! := Ä!/(1-~) .

3. Estimation of the s~aled F distribution

3.1. Moment Method for the Iog-income

The first three fuoments of the z-variable, see Fisher (1950),

. ,) 122 44
(8) }.II =E~:l:-2(rl-r2) -"6(rl -r

2
) +O(r

1
-r

2
)

(9) }.I2 ==D2C~) ='.~(rl+r2) +'~(ri+r~) +~(ri+r~) +o(rf+r~)
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(,,,,here r
1

== 11m, r 2 == 1/n) can be used in estimtlting the parameters

of the scalcd F distribution. Thcsc equations follow from the

2moments of log(~ 1m), see Abramowitz and SteCJun (1970, p. 943).

Since (1/2)log~-(1/2)logA is approximately norma11y distributed,

the moment methods is here ,"'elI established. The corresponding

moments of the logari Uun of income log~ == logA + 2~ are

(11)

( 13)

E (log~) == logA -\- 211 1

2
D (log~) == 411

2

E(logx - E(logx»3- -

Defining theempirical moments of logarithms by

(14) logG 1
-N Llogx.. 1.

( 15)

( 16)
. 1 3

m3 == N E(logxi - logG)

we get the estimating equations

( 17)

(lå)

10gA logG + (r l - r
2

) 1 2 2= + 3(r l r 2)

52 2(r
1 + '1:"2)

2 2 4 3 3
== + 2(r

1 + r ) + l(rl + r 2 )2

2 2 3 3m3 == -4(r - r ) - 8(r1 r 2)I 2

The 1ast two equations determine r
1

== 11m and r
2

== Iin as

2
functions of sand m3 and the first cquation can then be

used to givc the scale parameter A. Wc hava solv('!(} the equations

(18)-(19) by iteration aa fo11ows



(20) ( + ) (n+1) =2H(n)/(1+A.r41l(11»)rJ. r 2

9

(21)

(22)

(23) (n+1) =l[( + ) (n+1) _ (r -r )(n+1))
r 2 2 r 1 r 2 1 2

'(24 )

3 3
where H

(n) _12 2 (n) (n) _l[(r(n» + (r(n»)) and (0) =r(O) =0.
-"2s + r 1 r 2 3 1 2 r 1 2

Convergence is quite rapid.

3.2. Maximum 1ikelihood method

'l'he c10se connection of F (A,m,n) with the Beta distribution provides

an alternative estirnation method. The ML-estimators of the

pararneters of Beta~,~ J are approximated by simp1e functions

in X. Vartia (1973). These lead to q re1atively simp1e procedure

for a1so estimating the parameters of F(A,m,n).

If xl' x 2 ', ... , x N are independent observations from F(A/rn,n),

the rnaximum 1ike1ihood estimates of m, n and Ä =~A
m

are the solutions af the ML-equations

d, (m+n) (m 1 ( 1 ) "
'1' 2 -ljJ"2) = NDog 1.. ~ = u

(25) ljJ(m~n} -ljJ(~) =.~:lOg(l:Ai) ~v

(26) m 1-·=-r.(A.) ,m+n N 1

where Ai =x j /(Ä+Xi )E[O,l] and ljJ(x) "''d'h1ogl'(x) is the digamma

function.

'.



~~~l· Observer] frcgul2ncy dictributio;) of taxccl incomcs in 1967
ancl 1" distribulion modc1s estimated by HL- and moment mcthods.
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Here equations (25)-(26) eorrespond to the ML-equations for

the Beta distribution and ~ is a Beta (~,~) variable, ef. (7).

Thase eannot be solvcd explieitly, but ara approximated

aeeurately by simple funetions given in Vartia ~nd Vartia

(1972), whieh also ineludcs an itcrative proeedure for

s01ving (25)-(26).

3.3. An empiriea1 i11ustration

As an illustration we have used the distribution of taxed

ineome in Finland in 1967, see Table 1. For institutional

reasons we have chosen in alI our examples ,=2000 mk as the

value of the shift parameter l ). We ignore here eomplieations

due to problems of estimation with grouped data (et. Salem

and Mount (1974» and the faet that the figures in Table 1

are based on a stratified ~ample eontaining about 200 000

observations. The density funetions of the estirnated F

distribution models together with the empirieal frequeney

distribution are represented in Figure 3. The eorresponding

eumulative frequeneies are given in Tab1e 2.

The moment method estimation gave A=5290 marks, m=9.93 and

n=6.44. This estimated F distribution mode1 1s also represented

in Figures 1 and 4, in order to eompare the fit with those

obtained by Pareto and 10g-norma1 mode1s 2). 1n both representations

1) No state tax was levied on incomes 1ess than 2300 marks.
Corresponding ineome earners are not registered in the
Finnish taxed ineoma statisties.

2) The log-normul modc1s1og(x:"',)~N(]J,02)for T=O and
~=2000 were estimated usi~g the ML-method.
The Parcto-mode1 in its unshifted forrn was estimated
for the 2J 3780 observ<.lti.ons exeecding 12000 mk by fvlL
metho~. 'l'his Pilret02 (12000,2.215) gave an cx~e~lcnt [it,
sec flgurc 4, und x =151.2 on1y (the 0.1 % crltlc~11.x·2-v<llue
i5 20.5 for df=5). The Pareto distribution has [ittad
excellpntly to the !3amC dutu at ] east from thc bcqilllling
of 195U's, scc Vartin and Var'tiu (19'73). .
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~h~ F distribution model seems to fit systematieally bettcr

than the shlttca 1cg-normal model 10g(~-2000)-N(8.G32,0.586),

as was to be expected. The ML-estimal~~~ gaVG sliahtly differcnt

parameter estimatcs, i.e. A=S365 marks, m=9.4 and n=6.8, but

the density funetions approximate each other aceurately as

shown in Figure 3. The unit square representations for the

estimated F distribution models are given in figure 2.

Here, as often in very large samples, deviations between the

predicted and observed frequeneies elearly cannot result from

sampling fluctuations only, though the fit in descriptive

sense is very goodl~ .E.~. the familiar x 2-measure x2=~(oi-ei)2/ei=
. . .... 2 "
,nL(p.-p.) /p. (where n is the total number of observations,
. 1 1 1

Pi=Oi/n and Pi=ei/n) is large because it ·inereases with n,

although the squared deviations (p._p.)2 are small. Here we
1 1

.have' an additional probl~m of the "right" number of observations.

However, x
2

remains too large 2) for alI reasonable choices of n.

For euriosity we report the x 2-values (caleulated using

n=1 063 065) and the sum of squared deviations between the

predicted and observed probabilities used e.g. by Singh and

Maddala (1976).

1) Ijiri and Simon (1977) give an excellent introduction to these
problems. We eite from p. 4: " ... our theories are always only
approximate theories that do not capture alI the fine structure
of the phenomena. Henee, with sufficiently large samples of
sufficient1y good data, the deviations of data from theory
a1most always revea1 themselves. However, we cannot eonclude
from this that the theory should be rejected; the only valid
eonelusion to·be drawn is that the theory i5 only a first
approximation'- hardly surprising - and that the next step in
the investigation is to look for an additional mcchanism that
eould be incorporated in the theory so as to lcad to a bcttcr
second approximation. It would be foolish for us ta givc up the
gas laws [or idea1 gascs simply bccause most gases are not, in
faet, ideal; or to givc up the law of aeeolcration in u vaeuum
because most of the bodies v!e obscl.'vC are fa1ling through Clir.
lienee, we 5ha11 not be much eoneel~ned, j n \·,ha t [01 lows, wi th
signifieilnce tests, which are eompletcly inappu)priatc [,)r testinq
the [it. of d.:lta to extrcme models. Instc;1tl, wc wiJl he concorriL'd
VJith how much of the variance in the raw datil j (-5 e;,:pLli iil~d by the
model s, and \.Jj. th how sensi l:ive the f i't is to cllilllqcs in ussulllptions. II

21 The 0.1 % eri tie;}l x 2
- vulue is 1ess tilan 33 for ndCvilJlt

degrces of frecdom df=ll or 12.
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,. 2
2 (p.--l'.)

SO = L (p .-p . ) 2Model x = nr .t 1-

" 1. 1.
Pi

1 log~~ N(8.991,0.3127) 160 585 0.0246

2 log(~-2000) ~ N(8.632,0.586) 34 975 0.00169

3 (~-2000) ~F(5290,9.93,6.44) 17 574 0.00133

4 (~-2000) .... P(5365,9.4,6.8) 22 238 0.00132

Although the SO:s of models 3 and 4 are almost equal, their

x 2-values dirfer because of slightly different tail probabilities

(cf. tabla 2). Different goodness of fit measures l ) may thus

rank the models in different order. Comparing the goodness of

fit of good approximate but strict1y speaking misspecified

mode1s is a difficult philosophical problem, which we must

leave aside in this connection~ sac Ijiri and Simon (1977, p. 109-134) .

4. Conclusions

We have tried to demonstrate analytically that the old, well-

known P distribution is a relevant alternative in describing

empirical ineome (or similar) distributions. The scalea F

distribution approximates the log-normal and Pareto distributions

well and has e.g. the ganuna distribution as a special case.

Furt.hermore, it has a .latural generalization which includes

e.g. the distribution proposed by Singh and Maddala and thus

Fishk's scch2-distribution as its special cases. The F

distribution models are at lcast as flexible as the compcting

models they include.

1) E.g. Rao (1965, p. 288) gives 4 alternatives for the
familiar x 2-mcasurc.
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As 1arge ernpirical ineome data se1dam can be interpreted as

a ranc10m sample from any givcn theoretical c1istribution

having on1y a fcw parameters, wc havc paid attentian not

only to good fit and correct qualitative behaviaur but also

to the general applicability of the model: that. it may be

estimated by standard methads and is casy ta understand

and manipulate.

Table 1. Numbers of persons in various
taxed ineame groups in Finland
in 1967

Ineome group Classmark 1 ) Frequency
(Fmk) (Fmk) of income

earners

- 2 699 2 520 8 890
2 700 - 3 399 3 033 25 387
3 400 - 3 999 3 691 55 100
4 000 - 5 999 5 089 247 493
G 000 - 7 999 6 940 256 335
8 000 - 8 999 8 469 91 1J27
9 000 - 9 999 9 474 69 571

10 000 - 11 999 10 925 95 082
12 000 - 13 999 12 921 61 844
14 000 - 17 999 15 702 64 341
18 000 - 21 999 19 805 30 820
22 000 - 25 999 23 809 18 111
26 000 - 29 999 27 852 10 825
30 000 - 39 999 34 209 13 897
40 000 - 63 506 13 942

1) The arithmetic mean ineome in the ineome
4roup. Our estimation procec1ures used
onlythe classmarks an~ the corresponding
frequencies. whereas no continuity correction
was <;1ppl ied here.

'.



Table 2. Comparision of the observed and estimated
cumu1ative frequencies of the F distribution
mode1

Upper 1imit Cumu1ative frequencies
of the incame
group

(Frnk) Observed ML-method 1'lornent method

2 700 8 890 3 614 3 721
3 400 34 277 35 294 34 018
4 000 89 377 90 254 88 979
6 000 336 870 352 406 354 213
8 000 593,205 581 071 580 008
9 000 684 632 674 727 663 671

10 000 754 203 743 082 732 664
12 000 849 285 840 140 830 785
14 000 911 129 906 157 892 975
18 000 975 470 989 607 964 519
22 000 1006 290 1018 204 1004 490
26 000 1024 401 1034 150 1022 031
30 000 1035 226 1042 335 1035 319
40 000 1049 123 1053 816 1048 714

00 1063 065 1063 065 1063 065

Table 3. Cumulative relative frequencies of the observed
distribution and 'the Beta distributioncorresponding
to the F distribution mode1 (x-20DO) ~ F(5365, 9.4,6.8)
as estimated by the ML-methöd; the uni t square
representation.

Upper class Upper class Cumu1ative Observed
limit of limit af re1ative cumu1ative
shifted transformed frequency of re1ative
incame income Beta (4.7,3.4) frequency

K
z, 2: f k / 'I f k-2000 1 P(>"<>",)Z,,:=: x Ai :=: 3881+z. Xk<X. k=n

l. i - - l. \,.- ].
J.

0 .0000 .0000 .0000
700 .1528 .0034 .0084

1 400 .2651 .0332 .0322
2 000 .3401 .0849 .0841
4 000 .5075 .3315 .3169
6 000 .6072 .5466 .5580
7 000 .6433 .6347 .64'10
8 000 .6733 .6990 .7095

10 000 .7204 .7903 .7989
12 000 .7556 .8524 .8571
16 000 .8048 .9309 .9176

. 20 000 .8375 .9578 .94G6
24 000 .8608 .9728 .9636
28 000 .8783 .9805 .9738
38 000 .9073 .9913 .9869

00 1.0000 1.00,p0 1.0000

._--
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