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ON THE SENSITIVITY OF THE SOLUTION OF A LINEAR ECONOMETRIC MODEL

Heikki Vajanne & Eero Pylkkdnen

The Research Institute of the Finnish Economy

% INTRODUCTION

This paper deals with the sensitivity of the reduced-form coefficients
and especially the solution of a linear econometric model when the
structural-form coefficients of the model are allowed to vary according
to some special rules. The starting point is an existing econometric
model the inaccuracy of which is expressed by specifying the values

of its key structural-form coefficients as closed intervals. All the
other coefficients are kept fixed at some initial values and so are all
the predetermined variables as well. A model specified in this manner
generates a set of feasible solutions of its endogenous variables.

The focus of interest lies on the geometric properties of the solution
set, especially on certain plane or line projections of the set,
corresponding to interesting pairs or individuals of endogenous variables,

respectively.

The Tine of thought adopted here differs considerably from the usual
treatment of uncertainty aspects in econometric modelling. We do not
start from statistical theory in order to construct confidence ellipsoids
to our structural-form parameters but we express our view of the un-

certainty of the model”s coefficients in a rougher, perhaps more



subjective way. This is a deliberate choice: we think that in practice,
especially in connection with models designed primarily for forecasting
purposes, it may be well justified to be content with somewhat "loose"
uncertainty expressions such as described here. The use of most sophis-
ticated statistical means may not be necessary if the model structure

in question has ingredients which in fact are of subjective quality.

Neither has our approach very much in common with the sensitivity
considerations discussed in the theory of Tinear equation systems. For
example, in the literarure of numerical analysis much attention has been
paid in connection with ill-conditioned matrices to represent a scalar
measure, or a "condition number", to describe the propensity of the matrix
inverse'to change due to small variations in the matrix to be inverted.
Although our problems are basically not so far from those discussions

our approach is different and we make no straight use of those results.

The benefits of our outcomes can be immediately seen: the approach we
have used, sometimes called "“geometric approach", gives us an outlook
concerning the properties of the model solution. If the model is used
as a tool in forecasting the picture tells us useful things concerning
the reliability of our forecast. It is equally important that our
calculations improve our understanding of the model in question. The
projection results indicate us indirectly the "dangerous" areas in
parameter space, i.e. they warn us of apparent singularity directions
where the model can explode as the matrix of the endogenous variables

becomes singular.



In the general case we don”t make any special restrictions to the number

of equations, the coefficients of which are allowed to vary. In this

paper, however, we confine ourselves mainly to the casewhere only one equation
may have varying coefficients the rest being kept constant. This
restriction helps us to concentrate on some very basic sub-problems of

the general case, the understanding of which is essential when we try

to catch the general problem . Also the fundamental geometric
characteristics of the general case will be clearly outlined already in

the case of one varying equation.

In the following use is made of the so called pivotal operations. Thus
after the formulation of the problem one section is devoted to a concise
introduction of pivotal operations (for a more comprehensive description,
see e.g. Vdliaho, 1970 and 1979). That introduction is succeeded by a
section where the case of one varying equation will be gone through

rather circumstancially. In the last section the Tinks between the

caseof only one varying equation and.the general case are discussed and

aconjectural solution strategy is designed for the general case.



2. FORMULATION OF THE PROBLEM
We write the structural form (SF) of our econometric model as
(1) Ty = Bz + d

where T' is the (n-n) coefficient matrix of the endogenous variables~”
vector y, B is the (n.k) matrix of the predeterminated variables” vector
z and d is the vector of the residual terms of the model. In this study
we are not interested in the dynamic properties of the model. Thus all
lagged endogenous variables are thought to be placed in the predeterm-
inated variables” vector z and no time subscript is needed in our

notations.

Provided that the matrix I' is non-singular the reduced form (RF) of the

model can be written as

(2) y=1Iz + Cd,

1 1

where we have denoted T=T 'Band C =T .
Now the general formulation of the problem proceeds as follows: the
vectors z and d are assumed to be fixed at some initial values, z==z0
and d==d0. The inaccuracy of the model coefficients is taken into
account by specifying a set of closed intervals to the parameters in

the following way:

(3)
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These sets are called "parallelotopes” in the parameter space. The upper
and lower bounds to matrices T and B are constructed on the ground of
all economic, statistical and judgemental information which the model
user may have in a particular, say forecasting, situation. In practice

a greatmajority of the model”s coefficients may be fixed (their upper
and lower bounds coinciding) only a small fraetion of the coefficients
being really varying (their lower bounds being smaller than their upper

bounds).

The matrix I' is assumed to be regular throughout the area (3). However,
our procedure will reveal immediately if this assumption is violated.
For practical reasons we will also assume that the equations of the model

are normalized, that is the diagonal elements of I' are and remain at unity.

What we are now interested in are the geometric properties of the solution
set

(4) y = {y|ly = Bz0 + df

, T<T<T, B<BSH)

which we call a "polytope" in accordance with the terminology of
Ritschard & Rossier (1981). Especially we try to find the projections
of the set y on any selected £ine corresponding to an interesting
endogenous variable, say yc, and on any selected plane, say (yf,y )

corresponding to an interesting pair of endogenous variables.

We will see that the crucial step is then to solve the problems

(5) max (min) yg

subject to
YEy



An important subproblem of (5) is generated in the case when only one

equation is allowed to vary.

0 0

andB=B".
1)

Let us now fix the matrices T'and B at some initial values, I' =T

The equations of the model can now be written in the component form

0. _,00, 0 . _
(6) Fi_y = Bi_z +Ad1 s T = Vainaslt s

We call the solution of (6) the basic soflution of the model and denote

it with yO:

(7) y0 = 1920 & %0 = (r0y-1(8%0 + 40y .

Next we allow one of the equations, say the r:th equation, to vary so

that

A1l the other equations remain unaltered. We denote the number of varying

coefficients in the r:th equation with Kr , that is, Kr is the number of

1) For the sake of notational convenience we make use of row and column
partitions of matrices. For example, for T we write

-
r,. |




those Yo and Bk coefficients, the upper and lower bounds of which do

J
not coincide.

K
Corresponding to Kr varying parameters there are obviously 2 " extreme
points in parameter space, i.e. points where every varying coefficient
is set at one of its extreme values (either at the upper bound or the lower
bound). It is not difficult to prove that in the case of a regular (non-
singular) polytope any endogenous variable V¢ takes its maximum (minimum)
value at an extreme point of the parameter space. Thus it is sufficient
to go through the ZKr extreme points in order to find extreme values of
an arbitrary element of the vector y. The applying of such an enumeration

strategy is not necessary, however, but the problem can be solved in an

efficient way.

Consider again the initial situation (6). We now move the coefficients

of the r:th equation into any values chosen arbitrarily from the area (8)

so that
! (1) 0
rr. = FY‘- - API’"
(9) | (
1) _ 40
Br- = Br. + ABr.

—

Corresponding to this choice of coefficient values there is a unique

(1)

model solution which we denote with y* '/, Now it can be shown (see
Appendix 1) that exactly the same solution y(1) could be attained as

well by not moving the coefficients from their initial values but instead
by changing the residual term of the r:th equation in a specific way:

by giving the residual term dr a new value



(10) d£1) -0+

where the correction term 6r is

0 0
-AFr_y + ABr'z

0
1 + APr_C_r

(11) 8, =

and keeping the rest of the model in its initial state the same model

(1)

solution y will be generated.

This shows us that any acceptable (non-singular) choice of coefficient
values of the r:th equation Teads to a model solution which differs
from the basic solution by a vector which is constant up to scalar
multiplication. The difference vector is simply the r:th column of the

original inverse matrix C0 multiplied by the appropriate scalar Gr'

Thus in this case the polytope is nothing but a line segment in Rr",

(12) oy =y -yl

For example, on the (yf,yg) plane the polytype is projected on the

1ine which goes through the point (yg,yg) and the slope of which is

0,0 0 0 . 0
cgr/cfr’ Cgr and Cep being elements of the vector‘C_r.



Thus in the case of one varying equation our problem of finding the
boundary of a plane projection will be reduced to the problem of
finding the end points of a certain line segment. Those end points are,
of course, associated with the extreme values of the correction term
Gr, subject to restrictions (8). Hence we can formulate our problem as

follows: solve the optimization problems

Maximize, minimize

5.(AT, 88 )

(13) 4 subject to

0 = 0
L. -T. <ar, <f . -T

0 B 0
%r. " Br. SABr. SBr. - Br. 2

where 8. is as defined in (11).

It turns out that the problems (13) can be reformulated as two Linear

fractional proghamming (LFP) problems with exceptionally simple constraints.
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3. THE PIVOTAL OPERATION

Following the treatment of Valiaho (1979) but using different symbols

we write a linear equation system of n equations in m unknowns

(14) u = Av

in the form of a table as follows

(15) A:u = [?] .

Now we perform in (15) the variable exchange U, <~ Voo t.e., we solve
ther:th equation for ¥ and substitute the solution into all the other
equations. This leads to a new table

+
v

(16) At ut = [Af,

which is obtained from (15) by interchanging the places of u, and Ve and

replacing the matrix A by the matrix At =IIa:5 1, where

+
qps = 1/ars
+ A
qis T ais/ars » 1 £
(17) 4 . _
8 © i/ s I S
+ . .
aij = aij 'aisarj/ars s T#ETS J# S

-

We say that the variable exchange Uy = Ve as well as the corresponding

matrix transformation (17) is carried by a single pivotal operation and we



"

denote it by Prs' The operation is defined provided that the corresponding
pivot element a.¢ # 0.

We write the formula (17) shortly as A” = (A) and adopt the convention

‘P
rs
hkPrs(A) = Phk(Prs(A))' We say that two pivotal operations Phk and P

are dependent if their pivot elements are either on the same row or on the

same column. Otherwise, including the case (h,k) = (r,s), the operations

are said to be .ndependent.
It is easy to see that two independent pivotal operations commute, i.e.
Furthermore we see that the pivotal operation is involutory, i.e.

(19) PrSPrs(A) =1(A) =

where I denotes the identity operation.

For two dependent pivotal operations we have a set of simplifying rules

from which we shall need the following (for the proof, see Vdliaho, 1974):

(R) o (R)
(20) Phsprs(A) C Phs(A) rs rh (A)
where Ciﬁ) denotes a permutation under which the rows r and h of the
operand matrix (table) are interchanged, all the other rows remaining un-

altered.
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A generalization of the single pivotal operation is the block pivotal
operation. Here we have the operand matrix A being partitioned as
A = EAijJ . Let now Ars be a non-singular square matrix. The block

pivotal operation P(rs) with A.g 3s the pdivot matrnix takes the form

P(rs)(A) = A" = EA:j 1, where
A:s B A;l
A;s = AisA;; » T#T
(21) 9 A:j ) -A;lArj s 4
Rij = A - AiAiAg s T, s A3
\.

The block pivotal operation can be constructed as a product of appropriate
single pivotal operations. The interpretation of the block pivotal operation

in terms of variable exchanges is straightforward.

Next we want to express the transformation of our basic model from the
structural form (1) to the reduced form (2) by means of pivotal operations.

In order to do that we write the SF into a table as follows

y -z 1

(22) (rBg) :d=|r B g

The last column in the table is an auxiliary column consisting of vector

g which is the value of the "exogenous part" of the model,
(23) g = Bz

depending on the relevant value of B. Thus we read the table (22) as

d =Ty - Bz.
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We need a way to refer shortly to the rows and columns of the table (22).
In order to do so we define three index sets N = {1,...,n},

M= {n+t1,...,n+k} and L = {n+k+1}. Obviously, by N we will first refer
to the elements of y and d, by M to those of (minus) z and by L to the

auxiliary column of the table.

Choose now I' as the pivot matrix in (22) and apply the block pivotal
operation PNN' As a result we get a new table (24) which corresponds to

the RF of the model:

(24) (r*8*g") : vy C <o ="

The auxiliary column of the table now consists of the basic solution vector

yo (with reversed sign) which thus proves to be the counterpart of g0 on

the reduced form side of the model.

If we now applied the operation PNN once again, C as the pivot matrix,

we would arrive back at the table (22). Moving from (22) to (24), or vice
versa, means a vectoral variable exchange d <—> y. Needless to say,

between the SF(22) and RF(24) there is a number of mixed forms, corresponding
to variable exchanges between some but not all elements of d and y. We call
those forms partially reduced, or semi-reduced forms (SRF). An arbitrary

SRF can be achieved by means of an appropriately chosen product of single
pivotal operations, the choice depending on the starting point table

(SF, RF or any other SRF).

Now we want to represent a procedure, with which we can update an existing

reduced form table when the corresponding structural form has been changed.



14

First we construct an augmented table where we have both the original SF
0,00 0_,0.0 .0

table (I'" B'g ) and the new SF table (I'* B* g*), whereg =B"z +d  and
g* = B*z0 + dO. We concentrate on the table elements by writing the table simply as
N M L
0,0
(24) N |[T" B g0 ;
N* | I* B* g*

where the index set N* = {n+1,...,2n}. Performing now PNN yields

the table
N M L
(25) N C0 -IP -y0
25
N* | 1xc0 Brorerl grersy?

or, equivalently,

N M L
0 0 .0
(26) 0 0 0 .0
N* | 1+arc? aB-arm® -aryl+asz
0 0

where AT = T*-T" and AB = B*-B~. As we see, we have the basic RF table
on the first n rows. The last n rows refer to the new model. By performing

now Py.y the table (26) will be transformed to
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where

(28. 1) d = go - I‘Oy* .

or, equivalently,

(28.2) & = (1+arc?) 1 (-ary0 + 2829)

The result (27) can be immediately seen by applying the block form

generalization of the property (20),

_ o(R)
(29) PN*NPNN(A) = CNN*PN*N(A)'
The formula (28.2) for the vector § is a vectoral generalization of the

formula (11) for the scalar correction term Gr'

In the sequel we will be interested in the relative change of the
determinant of the model, expressed as the ratio [C*I/ICOI which we will
denote with p. Because we have C* = CO(I-i-AI‘CO)-1 we can write the expression

for p as

(30) o= [c*|/1c% = [(1+arct)

= 1/|r*c?] .

In the case of one varying equation, say the r:th, the formulae
above will be simplified considerably. Instead of the table (24) we

construct a SF table with only one new row,
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where g; = B;_zo-+de . Performing PNN leads now to the RF table
N M L
) d & o
32
' 0 _ _ 0 0
(n+1) | 1 #ar, C° 4B, Afr,ﬂp AT, ¥y +0B, Z

1y being a n-vector with 1 as the r:th element and zeros elsewhere.

In order to update the RF table we perform now P which gives us the

n+t,r
table (33) with new RF matrices on the first n rows,

The correction term is

(34) 8= g0 - 10 y*

0 -1 0 0
(1'+Arr.c.r) (-AFrny -+ABr°z )

cf. formula (11). The first term in the product formula of Gr is in fact
the value of p in the case of one varying equation,

0 )"1

(35) p. = (1+ar, c/)7".
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4. SOLUTION TO THE PROBLEM OF ONE VARYING EQUATION

We will consider the set

_a0,0, 40 =
(36) y = {y|lly=8"2"+d , [, <Tr. <T.1cR

and point out that in this particular case the set y is a line segment

in the space R". In order to simplify the presentation we assume first

that matrix B is fixed, B = BO. The algorithm described here solves the

endpoints of this line segment.

We start by solving the following LFP-problems (see (13)),

(37.1)  d,=maxs, (T, |L. <T. <T. )
and

(37.2) 6!= ming, (T, |T,. <Tp <T)

after which we are able to update the basic model. We denote the end-

points of y with

<
]
<
+
()

and

respectively.
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0 0

0,0 and y-.

We assume a given SF-choice I'",g° and its RF-side counterparts C
Without any loss of generality we assume that the parallellotope is of the

form

The maximizing problem is then in a standard LFP format,

( -AT,. y0
max Gr = ———-—L-——a~
(38) 4 1+4T, C°,
subject to
| ar, >0
where we have written
v.=TF_ -0 (the"width" of the parallellotope).

r r. re

In order to control potential singularities we must check that the demoninator

in (38),1i.e. the change of the determinant

1 0

Pp = 1+ APrGC_r
does not change its sign. Therefore we add to the constraints a requirement

°r>0 and we have the problem
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[ 0

ALY 0
max 61" = -———'——0" = "OY.AFY. Y.
1+AT_C :
(39) 4 subject to re ar
AT <V
r.=
pr>0
Arr.go

.

We transform the program to an equivalent linear one by defining a new

variable, namely

(40) w; = p AT,

Now we can write the original maximizing problem (39) as a minimizing

1)

problem
r‘
max -8, = (pr w. )/ 0
y0
subject to
(41) 4 -
Y (1 vr>z<1 0)
0
C-r -1
pr>0, w;.ZO.

The LP problem (41) is formulated in terms of row vectors and their post-
multiplications. The ordinary Simplex procedure, described in e.g. Vali-
aho (1976), which makes use of pivotal operations defined above, assumes
a column vector and premultiplication matrix layout. In order to avoid
transposing of the system (41) we define a slightly modified pivotal
operation P:S as follows: P:S(A) = A*, where

1) In fact, by definition py, +wp C9r=‘|,sothatthefirst restriction should

be a strict equality. However, our procedure will lead to identical results.
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F *
qpg = 1/ars
* .
.| 24g = Bygfdpg 5 TET
(42) 4 _
arj = arj/ars » J#s
*
aij = aij 'aisarj/ars s 1#r, J#s .

*
By using Prs instead of Pr_S we may express a solving procedure for a
problem 1ike (41) in a table context without first transforming the

problem to its transpose. The procedure is summarized in Appendix 2.

Now we set the problem (471) into a table as follows:

P 0 N
1 0 -1 0 (=1)
(43) 0, 00 (1) v, (0)
wol Y Cw = (N)

Note that the row and column indexation (in brackets) starts from -1 in
the table above. Besides that we have in (43) another set of symbols for
the rows and columns of the table; from them S0 and SN ='{S1,...,Sn} refer,

naturally, to the restrictions of the LP problem.

Solving the problem (41), table (43) as a starting point, means in practice
performing an appropriate series of pivotal operations until the operand
table has been transformed to one which is feasible, i.e. the very first
row being non-negative, and dual feasible, i.e. the very first column

being non-negative. The general criteria for choosing the next operation

in each stage can be found from Appendix 2.
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However, it turns out that in solving (41} we manage with considerably
lTess effort than in the general LP problem case. This follows from the
facts that the feasibility of the table can be immediately achieved by
one single pivotal operation and that once the feasibility has been
reached then in searching for dual feasibility only diagonal pivotal

operations are needed.

We recall that the first restriction of the problem should be realized
as a strict equality, pr-+w; Cor = 1. Thus we must in any case "switch on"
*

this identity. We start by performing the corresponding operation PO0

and we obtain a new table

=Sy Pr SN

1 0 1 Vr (-1)

(44) SO 0 1 Vr (0)
0 0 0

Wy Y € -(I+C.rvr) (N)

We see immediately that the table (44) is feasible (a_, ; >0 for every j).

Next we show, by induction, that only diagonal pivotations are involved
in searching for dual feasibility for table (44). Assume first a feasible
table (44). The first step in selecting the pivotal element a\)u now leads
to the choice of v such that a  _, = min {ai’_1|ieNU{0}}. Assuming that
av,_1 <0, i.e. that at least one element of y is negative, leads then

to the comparison of the ratios

(1) r m——— (for u=v)

P
1 cvrvr,v
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and

(41) -{)— (for all p#v) ,

C\)Y‘

the former of which is greater when C?)r>0' If cgrgo no comparisons

are needed because in that case the off-diagonal candidates are directly

disqualified. Thus in the first step a diagonal choice is made.

Secondly, assume that k pivotal operations have been performed, all of
them diagonal. We show that the next pivotal operation will be diagonal
as well. We denote the initial table (43) with a(0) and the current
table with AM). We denote with the index set H = {hy,....h}, He N,
those diagonal pivotal operations which already have taken place:
RO gng:i)psoAm)_

Note that HeN, i.e. we assume that our first restriction has not been

"switched off" thus far.

We make a partition of N into two mutually exclusive subsets H and H.

The initial table, corresponding to this partition, can be written

6. Sy, Sy S

1 o -1 0, 0

(45) A(O): Pr 00 10 vr'H Vrﬁ
" | Y Chr Ty O

Wi y% Cgr 0 -Ig

when first an appropriate series of row and column permutations has
taken place. The sub-indexation of the elements in thetable above should

be self-explaining.
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*
Using the commutativity of P -operations,

(TP )P =P ( TPL.)
A [P
i eH i17°00 00 SEH id

it is easy to verify that the current table takes the form

Sy Py "rH Sh m
1 S o T o0
So 5? Oﬂ pEVrH pﬂvrﬁ
(H)
D B I A Y, K A
e yg ) atcgr -pﬁ gr ptcgrer -1 'pﬂcgrvrﬁ
where
pE"(1 erCgr) 1
and
6}:=p (-vr‘HyEl)

If the column (-1) is non-negative we have reached dual feasibility.

If not, we choose v such that a,

following comparisons:

= min {a; _,|1ENU{0}} and face the

1) The case v=0. We see that max {a_1’1./a0 ; [ ag 4 <0} is not defined.

This means that the objective function is not bounded from below.

The explanation for this is that matrix T is not regular everywhere

in the feasible region T <T<T . Thus our procedure has revealed the

singularity of T and we terminate our search here.
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2) The case vEH: compare the ratios

oy
(i) L (for all p=v)
HO
RPN
and
(i1) —3—— (for all p#v),
r

0 0 .
\)r<0' If cwgo the off-diagonal

candidates are immediately disqualified and no comparisons are needed1).

the former of which is greater when c

3) The case vEH: compare the ratios

H

. NS (for pu=v)
(1) 70
-(1 +prc\)rvr\))
and
(i) -4 (for u#v),

(o}
vr

the former of which is greater if c3r>0. If cgrgo the off-diagonal

candidates will again be ruled out from the game.

We see that in both cases (2-3) a diagonal choice p=v will be made,
provided that Pp is bounded everywhere in the feasible region of T.
This completes the proof.

We can now summarize our procedure for solving the problem (41) as follows:

1) Note also that pl;l- in fact bears the current value of p, and is thus
necessarily non-negative.
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*
A. Starting from table (43), perform POO in order to achieve a feasible

table (44).
B. Determine v froma  _, = min {ai _1|iEN u{0}}

C. If a, _120 go to End 1
If a, _1<0 and v=0 go to End 2
If a, 4 <0 and véEN go to D

* .
D. Perform va and go to B

End 1: The solution has been found.

End 2: The objective function is not bounded from below.

We note that each performance of D has a very clear interpretation:

When P:v takes place it means switching thé value of Yy from the lower
bound to the upper bound or vice versa. Thus our procedure also verifies
the result that in the case of a regular polytope any endogenous variable
takes its maximum (minimum) value at some extreme point of the parameter

space (cf. page 7).

Now we have constructed a scheme for the search of 5r. The corresponding
minimizing problem can be solved analogously. Once we know Sr and Gr we

can update the model and get y and y, respectively.

In defining the set y in (36) it was assumed that the B-coefficients were

fixed, B =8

. The assumption was made for the sake of convenience only.
The procedure above can be quite easily modified to include the case
where also the r:th row of B is allowed to vary. Anyhow, because that
generalization is nothing but a mechanical exerﬁise we do not consider

it here.
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5 ON THE SOLUTION OF THE GENERAL CASE

In this chapter we turn to the case where several equations are allowed
to vary simultaneously. We concentrate again on the consequences of

0

variations in I’ and fix the matrix B at B = B". Our polytope is thus

(47) g ={ylry=g’, r<r¢f)

where, as before, g0 = Boz0 +d0 .

Before we can proceed in searching any plane projections of y we must be

able to solve the 1line projection problems

(48) [ max (min) y.

4 subject to

Y€y
The problem (48) is not trivial. In order to solve it we propose a
heuristic procedure which seems to work in all convex cases and in
some non-convex ones as well,

0. We still assume

Let us again start from some initial setting I' =T
that T is regular throughout its feasible region. Under this assumption
we know that the maximum and minimum values of Ye will be found at some
extreme points of the parameter space. Therefore we will probably save

0

work by not choosing I'" quite freely from the feasible area but by setting

it equal to some extreme point of the parameter space, FO =T, for example.
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We have denoted the number of varying coefficients in the i:th equation
with Ki’ Many equations of the model may have fixed coefficients and they

are not very interesting from our point of view. In order to separate varying

equations from fixed equations we define an index set Nva i
Nv={i|Ki>0,i€N }

we'denote the number of elements in Nv with n,-
Starting from the chosen (Po,go) pair and its RF-counterpart (Co,yo) we
now consider the equations i €Nv, one at a time. For every equation i in
question we set the problems

(49) max(min)yf

4 subject to

0

yewlty =g, Iy &T <Fy . Ty =15, §#1)

Now we can make use of the LFP-scheme described in the preceding chapter.
As a result we get a set of maximum and minimum values of 61, i.e. 51 and

;> 1€N,. We denote the set with 4 .

If we are dealing with the maximizing problem we next select the element
of AV which corresponds to the fastest increase in the value of Yo The

comparison is based on the fact that the selection of 51 would give V¢
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a new value

_ 0,0
Ye = YF* Cridy

We are thus dealing with a simple maximizing problem

0
(50) max Cfisi

A

subject to

61. GAV

g

Let the solution of (50) be gj‘ If it now turns out that the choice of

3j would not increase Ye the maximum has already been found (yg).
If, however, the value of Yg can be increased we update the j:th equation
of the model (i.e. the row Fj.) corresponding to the coefficient values
associated with gj' We now get a new SF (F1,g0) and calculate the

1,y1), cf. page 16. Next we rename the current model

corresponding new RF(C
(superscript 1) to theinitial stage (superscript 0) and go back to resolve

the problem (49). The process is repeated until the value of Yg can no

longer be increased. Then we have attained a local optimum which in

the convex case is the global optimum as well.

If we are Tucky enough to choose a good extreme point as our initial

stage FO we will save much effort. A very simple "switching" procedure may
ay
help us here. It is well known that the partial derivative 57
rs

model Ty = g0 takes the form

.i

in a linear

ay.

(51) o=

= CpYs e

rs
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We can make use of this simply by going through all the varying cofficients

of the model and switching every one of them either on its upper or its

3y
lower bound, depending on the sign of 37£— = -cgryg . Of course, we must
rs
already have some initialRF (Co,yo) available, corresponding e.g. for

0 Wil change both C and y and

FO =T. Every single "switching away" from T
there is no guarantee that the signs of the elements in C and y would at
that time stay unchanged. Nevertheless, it is 1ikely that this extremely
simple procedure will give us a reasonably good starting point. In fact,
if the partial derivatives happen to be sign-constant for every feasible

I' (as may very well be the case in some practical applications) the simple

switching procedure will lead us straight to the optimum.

Once we have reached the maximum value of Yg we update matrix I' corres-
pondingly. We denote the solution with y and the corresponding T-matrix

with T. Clearly, we are now located not only on the edge of the (yf,yg)-
projection of y but also in some extreme point (corner) of the boundary.

If we now studied the n, varying equations one by one, solving the max(min)ai-
problems for every i GNV, T as reference point, we would see that in every
case either max 61 ormin Gi is equal to zero. We denote the non-zero

max/min 61 with 61.

Corresponding to each varying equation i €N, there is on the (yf,yg) plane

a directed line segment from (§f,§g) to (9f1),§éi)), where

Ot

) .5 L2
il =ys o+

J'i'i s.j=f:g

Clearly, every model solution subject to a choice of Pi- from the feasible
area [, <T., gfi. , T.=T,, j#i, would be projected on the line segment

J J
in question.



30

We want to move along the border of the projection without visiting any
interijor points. Let us choose the counter-clockwise direction. We need

a reference direction in order to be able to select right the next varying
equation. A good choice for the first reference direction is the direction
of the yg-axis. We measure the angle between the reference direction and
the directed 1ine segment corresponding to the i:th varying equation and
denote the result with 6., i €N . Because we start from (9f,§g), where

§f = max Ye, ¥ €y, we know that 0 <ei <%-, i GNV. Let es = min ei. This

i€N
tells us that the next varying equation will be the s:th equation.

In order to jump to the next corner of the projection we need the solution

of the LFP problem of the preceding chapter, having Es < Fs < fs and the

rest of the coefficients fixed at I'. We tune the s:th equation corresponding

to the non-zero solution (5_) of the max(min) cs-prob1ems and obtain the

~

S awunm

new SF and RF coordinates, T, E = (1:)'1 and 9, say.

The next phase is again to solve LFP problems

I. =T.

max(min) 8 (Fj.lf-. grj. SFj' » Ty, ie

; L 1£3), GENNs)

Solving the problems for j=s is not required because we already know

the answer.

If for every j either max Gj or min Gj is zero we are still in an extreme
point of the boundary. We assume that this is the case. We denote the

non-zero solutions of max/min Gj with Sj, J €NJ\{5}. We choose now the

direction from (§f,9g) tn(gf,§g) as the reference direction and consider

) to (v 5 {1

~

the nv-1 directed line segments from (;f,§ ), where

g
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93. =y. +C..8., §=F.9, i EN~Is} .

As before, we denote the angle between the reference direction and the
directed line segment corresponding to the i:th varying equation with 8.
Because our projection can generally be non-convex, some ei may be negative
and we can only say that - %<<61 <%-. What we are interested in is to find

min ei and to select the next varying equation corresponding to it.
ieNv\is}

Once we have chosen the next varying equation, the u:th equation for
example, we proceed in the same way as described above, i.e. tuning the
equation according to Zu and thus obtaining the new SF and RF coordinates
(?, é and ;), then solving the relevant max(min) Gj-prob]ems (jeNv~{u}),
checking if either max GJ or min Gj is zero for all j and so on. We always
take as the reference direction the edge which we have just travelled
along and base the selection of the next varying equation on the angles 8.
Proceeding this way will carry us - we suggest - along the boundary of

the projection, jumping over unnecessary boundary points and never getting

lost inside the projection, finally arriving at the departure point(yf,yg).

Figure 1 illustrates the first phases of the procedure.
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Figure 1: Illustration of the corner-hunting procedure. The case of
three varying equations.

Our heuristic procedure could be further simplified if we knew in advance
that the projection in question will be convex. In that case the selection
of the next varying equation can be based on comparing the slopes of the
l1ine projections, without need to solve explicitly the other endpoints

of the Tine projections. On the other hand, the check that either max aj

or min Gj is still zero inevery corner would be lost.
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Finally, let us have one more look at the basic problem (48). An
interesting special case arises when the set y is convex in the following

manner.

Let us start from some Fo, this time arbitrarily chosen from the feasible

area of I'. Now we solve the LFP-problems

max (min) Gi

(52) 4 subject to

I"i' Sr'i. Sr'i.
0

. =P 3 J#&1
I3 = Iy, J#

for all 1€N . We denote the I'. row vector which maximizes (minimizes)

o o0 20 ; ; : 0 _:0 _ .0
61. with 1“1._ (1‘]..), 1€Nv. For the rows 16N\;NV we have Fi- = 1"1.. =Ty -
We collect the rows P?_ into the matrix TC and the rows f?. into 10,

Consider now the convex set

0

(53) 4% = % <q , Oy g0

» I'y>g'}
It is rather easy to show that
(54) 6y

where y stands for the original polytope (47). The relation (54) holds

true regardless of the choice FO.
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On the other hand, consider the model

=~ 0
F?-”:gi

(55) A
r9y=99 s J# 1
j J

We write (55) in matrix form as P1’0y = g0 and we denote its solution

with y' . We have, of course

0~i 0=
Ty =95 *+ 9,
(56) ¢ i
0 ~i 0 ; .
brj'y -QJ ’ Jf"

where 31 now refers to the maximal value of Gi in (52). Naturally, EiZIL
Let us now orientate back to y0 B (I‘O)-1g0 from 91 by means of the 61 term.

~®
We denote the appropriate correction term with 61 and we can write

~

e ".*
I'(.I-).yo = 9? + G_i
(57) 1
0.0 0 . & o
Lrj,y = gj » J#

It can be shown that

~k o ~ - 0 0 ~

where C?i is the i:th column of C0 = (FO)-1. Now, one of our basic

assuptions is that (see page 18)
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=0 0 .0
1 + (P'i- - Fi')c-'i>0

~%
and thus we have 61.30.

Because we have

(59) Y=yt

~s _ ~',0 “
0=(I‘1’0) 1,weobta'in, by premultiplying (59) by I‘;, = 74

~i
where C’ i,

0
je

~i  ~i %3 O~%*
y1 & 1..11-,0(:1 ’06

L v %

(60)  r3y°

Analogously it can be shown that

(61) f‘?,yozgg

By repeating the argument for every equation 1'ENv and gathering the

results we obviously have

-

rly? ¢ g°

(62)

1:Oy{) > go

L

 Consider now the special case where solving the problems (52) would lead

to the same matrices I‘O and 1-,0 irrespective of the choice I‘O. In that

0 0 0

fortunate case we would have T y<g and f‘y_)go for every y €y, that means

yc 6(y0), and because of (54)
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g = §(y0).
The problems (48) could then be solved as (sign-unconstrained) LP-problems

max (min) Ve

~0
(63) ﬂ r ygg0

rly > ¢°

Thus, in some special cases the line projection problems (48) can be
solved as single linear programming problems although the convex set
6()’0) defined in (53) generally depends on the starting po1'n1:1“0 and
5(y0) does not cover the whole set y. It is even possible that the idea
behind (63) can be applied in developing our procedure so that the search

of max yg (or min yf) is arranged as a sequence of LP and LFP problems.
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Appendix 1: Derivation of Formula (11)

Let the initial model be

(a1.1) 19 =890 4 40

with the solution.
a1.2) 0 = @9 18%0 + ¢

We now change the coefficients of the row r yielding new coefficient

1 1

matrices ' and B ,

(A1.3) |t =10« v AT

u
oo
+
-
-5
(S
les)
-
L]

where with 1. we denote a (column) vector the r:th element of which is one

the rest being zeros.

We-denote the solution of the new model

(A1.4) P1y =120 + g0

with y! |

(as)  y' = oH 10 4 ¢
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Now we show that the same solution y1 can be attained from the model
with the initial coefficients as well if the residuals of the model
are manipulated in a proper way. In other words, we want to find an

additive residual correction vector § such that the model
(A1.6) roy - 8920 4+ 40 $

has the same solution y1 as model (A1.4)

The solution of (A1.6) is

a1.7)  y = (7 1@%% + a4+ ) = yO0 4 (205

1

which we set equal to y . On the other hand,

y' =@ ar )N 5 e, )20 ¢ d)

=02+ (0% ar, %0 4+ o0 4 1, 48,..2°)

%

(1 - T(PO)-11rAFr,)(F0)_1(BOZO +d) s 1,4B,. 2

y° - r(ro)'11rArr,y° + (I - T(Fo)-11rAFr.)(FO)-11rABr_ZO,

where

-
[[]

(1 + AFr.(PO)-11r)'1 X
We obtain

§ = ro(y1 -yo)

ST S RETO L RO I{ ) RRWY- P
0

- 0 _ -1 _
TLAT,. Y + 1rABr_z Tlr(T 1)ABr.z

-TerFr.yO + TerBr.ZO



or, in component form,

0
-AFr.y + ABr.z

& =

0

0y=1
1+A1"r.(1“ ) IY‘

8§, =0 , J#r

A1-3
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Appendix 2: Solving a LP-problem in atable context
Vialiaho (1976) gives an algorith for solving a LP problem

(A2.1) min g =c'x
subject to

Ex + £20

x>0

in a table context, using the pivotal operation Prs' In (A2.1), x and ¢
are n-vectors, f is a m-vector and E is a (mxn)-matrix.

Here we reproduce the algorithm, this time having the problem in a
transposed form,

(A2.2) min g = x'c
subject to

V=X'E. +f.20

x' >0

*x*
and using the pivotal operation Prs'

The algorithm will be started from the table

q v
110 f'
(A2.3) B:
Xx |le E

where the rows are numbered 0,...,n and the columns 0,...,m. We denote

N={1,...,n} and M = {1,...,m}.

Now a set of matrices (tables)Bis constructed by a sequence of pivotal
*
operations Prs’ reN, s €M, starting from (A2.3). At a given stage, the

variables attached to the rows i EN (the nonbasic variables) are given
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a value of zero whereas the values of the variables attached to the

columns j €M (the basic variables) are obtained from row zero. The

element b00 yields the current value of the objective function.

A table is . {easible if bOj >0 for all jEM

A table is dual feasible if b,n20 for all i€N

A table is optimal if it is both feasible and dual feasible.

The algorithm goes as follows:

(A)

(C)

(D)

Start from the table B in (A2.3)

Determine A from bOA

min {boj[j EM}.
If by, 2 0 go to D.

If bOl <0 go to C.

Determine v from b , = max {b., |1 EN}.
If b, <0 go toEnd 2.

If bvx > 0 determine py from

bOu/qu = max {bOJ/bvjlj €M} and perform Pv: .
If u=X go to B,

If u# X gotoC.

Determine v from byo = min'{bi0|i ENT .
If b\)0 20 go toEnd 1.
If b\)0 < 0 determine p from

bOu/bvu = max {bﬂj/bvjlj EM, bvj <01}.
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If the maximum is not defined go to End 3.

Otherwise perform P:u and go to D .

End 1 : The solution has been found.

End 2: The restrictions are inconsistent.

End 3: The objective function in not bounded from below in the feasible

region.





