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SUPERIORITY COMPARISONS OF HETEROGENEOUS
LINEAR ESTIMATORS
by

Timo Terdsvirta

Abstract. In this paper conditions for strong and weak superiority
of a heterogeneous linear estimator over another is derived. The
general results are applied to same special cases: in particular,
two restricted least squares estimators are compared using the
superiority conditions obtained. The weak superiority criterion is
used as a basis in forming an optimal sequence of tests (Anderson,
1962) for searching for the correct length of lag and appropriate
degree of polynomial in the estimation of polynomial distributed

Tag models.



1. Introduction

During the last few years, a variety of biased estimators have been
proposed alongside the previous ones like the restricted least

squares (RLS) estimator for estimating the parameter vector of the
general linear model. The performance of these estimators has been
compared to that of the ordinary least squares (OLS) estimator mostly

by using superiority criteria based on quadratic risk. Among the first
examples of such comparisons are the superiority condition for the

RLS estimator to be superior to the OLS estimator (Toro-Vizcarrondo

and Wallace, 1968) and the dominance results for James-Stein estimators,

for discussion see e.g. Judge et al. (1980) and Vinod and Ullah (1981).

Fewer results have been available on comparisons between biased linear
estimators. However, such comparisons have also been made in econo-
metric literature: for instance the problem whether to omit unobserv-
ables or substitute proxy variables for them in Tinear models is
equivalent to comparing two different biased estimators. Hocking et al.
(1976) have compared certain homogeneous linear estimators with each
other. More recently, Trenkler (1980) and Terdsvirta (1982) have
compared general homogeneous linear estimators using the generalised
mean square error as the superiority criterion. Terdsvirta (1981a) has
in particular discussed the relationship between the mixed and minimax
estimators on that basis, while Guilkey and Price (1981) have carried
out comparisons between RLS estimators. Price (1982) has included certain
types of homogeneous Tinear estimators in his comparisons but without

a general framework.



In this paper, a general framework is set up for comparisons

between heterogeneous linear estimators. The special cases
discussed in the literature can thereafter be treated in a
straightforward fashion by applying the general theorem. A few
examples will be considered here and, as will be seen, not only

for illustration. The plan of the paper is as follows: In Section 2
concepts for comparing heterogeneous linear estimators are defined.

In the next section, a general theorem for establishing strong
superiority of a biased linear estimator over another is constructed.
Section 4 contains examples of the theorem: various shrinkage esti-
mators are considered as well as the comparisons between two RLS esti-
mators and two principal component estimators. The use of proxy vari-
ables is also discussed assuming fixed proxies. Section 5 discusses
weak superiority of biased linear estimators. The examples include
RLS estimators and, in particular, the polynomial distributed Tag
estimator which has been widely applied in empirical work. Proxy
variables are considered in that context, too. The final section con-

tains a brief summary of results.



2. Preliminaries

Assume a linear model
2
y =XB + e, € vNO, o°I) (2.1)

where y and € are n x 1 stochastic vectors, X is an n x p fixed matrix

with rank(X) = p, 8 is a p x 1 vector of regression coefficients, and

02 is the error variance. Define two linear heterogenous estimators

of B as bj = Djy + hj’ = 1,2, where Dj is a fixedAn X p matrix and hj

a fixed p x 1 vector. In this paper, the interest will be focussed upon

the conditions under which one of these estimators is better than the other.
For considering the problem and making comparisons, we have to define
superiority of an estimator over another in quantitative terms. Following
established practice we make use of quadratic risk functions and define the

strong superiority of b2 over b1 (cf. also Toro-Vizcarrondon and Wallace,

1968) at a single point (B,cz) in the parameter space as follows:

Definition 1. Estimator b, i strhongly Auperior to b, at (8,02)

if and only if

E(b, - 8)'A(b, - 8) » E(b, - 8)'A(b, - 8) (2.2)

pon all Loss matrnices A 2 0.1)

This definition 1is equivalent to requiring that the difference of

two MSE matrices



MSE(by) - MSE(b,) > U where MSE(bj) = E(bj - B)(bj - B)', cf.Theobald (1974).

Less restrictive definitions for superiority have been constructed

by relaxing the restriction that the inequality (2.2) has to be

valid for all non-negative definite loss matrices simultaneously and
choosing a single loss matrix A0 instead. Popular and well-founded
choices of A have been I and X'X, see e.g. Wallace (1972) and Judge et al.

(1980, pp. 24-26). In this paper we use

Definition 2. Estinator b, 48 weakly superion to b, at (8,0°) if and
onty if E(b, - 8)'X'X(b, - B8) > E(b, = B)'X'X(b, - B).

In this definition the loss is related to the performance of the
estimator in predicting X8, the conditional expectation of y given X
and 3. We shall employ it because of some rather attractive practical

results that can be derived using it rather than any other AU' Wallace (1972)

hag c§11ed Definition 2 thg second weak MSE criterion.

The expectations in Definition 2 are sometimes called predictive MSE's
of b1 and b2‘ Both definitions stress the fact that the superiority is
defined at a single point of the parameter space at a time. They can
nevertheless be generalised to larger subsets, for one such generalisa-
tion with application see Terdsvirta (1983). In what follows we shall
omit the mention "at (8,02)“ for brevity, but the superiority remains

as defined above throughout the discussion.



3. Conditions for strong superiority

For the purposes of this paper, it is convenient to write the MSE matrix

as a decomposition into covariance and bias:

MSE(bs) = E(b, e

j 'B)(ba"e)l =0

! 1
Dij + djdj

where

d-='~ . -th =D~-I,.=,.
3 HJB + hJ wi Hj JX J=1,2

Set C = 019; = DZDé so that

_ - _2 LR
A12 = MSE(b1) MSE(b,) = ¢°C + d d1 d2d2 . (3.1)

2) 1
As pointed out above, b2 is strongly superior to b1 if and only
if (3.1) is non-negative definite. Assume that we have the fol-

Towing decomposition

C = KLK', dj = Kfj, j=1,2 (3.2)

where K is px r, r < p, L is r x r, and fj =rx1,j=1,2. This
decomposition is useful whenever we want to compare estimators with

singular covariance matrices. The difference (3.1) can now be written as

2

1 ] 1
Ay = K(o"L + f1f1 B fzfz)K .

It is well-known that 84 2 0 if and only if

2

1 1
o'l + f,f, - ff, > 0. (3.3)



Let us first exclude the trivial possibility that L > 0 and f2 = af1,

la| < 1. This means that we do not consider any estimator b, with
both smaller variance and bias than b1, since this is a very rare

case in practice. However, the assumption L > 0 is retained as yet.

For (3.3) to hold it is then necessary that cZL + f1fa > 0. This

r-1 and f1 is linearly

last assumption implies that either rank(L)
independent of the columns of L or that L > 0. In both cases, (3.3)
is equivalent to the following condition, cf. Farebrother (1976),

( 2

o’L + £, F)7E, < 1. (3.4)

1
f 11

2

If we can assert that L > 0 then, using a well-known matrix identity,

(3.4) can be written in the form

-2 2 4 2 =1

where

=1
- 1
f.. = fiL

’ fonid=1.2,

This is the main result of this section. A corresponding condition
for two homogeneous linear estimators when K =1 and L > 0 is to
be found in Terdsvirta (1982). From (3.5), a sufficient but
generally not necessary condition for (3.3) to hold when L > 0 is

-2

& gy $ 1 (3.6)

22

see also Trenkler (1980). If b, is unbiased then f, = 0 and (3.6) is

necessary as well.



Assume now that L < 0. A lemma in Guilkey and Price (1981) states
that (3.3) can then be valid only if L is a scalar, i.e. if r = 1.
Then 4,5 > 0 if and only if, in obvious notation,

2 2 2
o“1,0 + 1 = f5 2 0. (3.7)

Note that if L > 0, then

oL + £,f1 - F,f5 <0 (3.8)

is a necessary condition for b1 to be strongly superior to b2.

S

Reverse now the réles of b.1 and b2 in Definition 1. so that

-L > 0-and (3.3) becomes

= £ 1 1 -
oL+ £ fy - f,f1 2 0. (3.9)
Then it is seen from (3.8) that if r = 1, the necessary condition is

also sufficient while this is not so when r > 1.

The above results can be formulated as

Theorem 1. Assume Linear model (2.1) and two heterogeneous Linear
estimatons bj = Djy + hj, j=1,2. SetC = D1D; - D,D,, assume decompo-
sition (3.2) and furtheumore that 2L + f1f; > 0. Then b2 L4 sthongly
superion to by if and only if (3.4) hokds. 14 it 48 assumed that

L > 0 then the strong superionity 45 equivalent to (3.5). On the
other hand, i4 L< 0 Zthen b2 L8 Athongly superion to b, A4 and only

if L 4s a scalar and (3.7) 4is valid.



In practice, L > 0 (or L < 0) seems to be a standard situation while
L > 0 combined with the rank and linear independence conditions remains

a more theoretical possibility.

4. Examples
In this section we shall apply Theorem 1 to some special cases of

both homogeneous and heterogeneous estimators previously discussed

in the statistical and econometric literature.

4.1. Shrinkage estimator with fixed shrinkage factor

Let b1 = c1b and b2 = czb where b = UX'y with y = (X'X)'1, and

0 <, < c, < 1 are two fixed constants (Mayer and Willke, 1973).
_ (2 _ 2 _ _ .

Then C = (c} ¢,)U > 0 and Hy = (Cj 11, hy =0, § = 1.2,

Setting K = I so that L = C we have from (3.5), after some manipula-

tion, that b2 is strongly superior to b1 if and only if

o"2c8'UB < 1 (4.1)
where

_ 2
c={(1 - c2) - (1 - c1)2}(c% - cg).

This result is also given in Price (1982). Improving b1 is thus only
possible by lowering the shrinkage factor, i.e. increasing shrinkage.
One obvious consequence is that the new estimator b2 is superior to

the OLS estimifor in a smaller subset than b1, for further discussion

see Terdasvirta (1981b).



4.2. Mixed and ridge estimators

Assume that we use stochastic prior information
r=RB + ¢, (4.2)

where r is an m x 1 stochastic vector, R is an'm x p fixed
matrix with rank m < p, and it is also assumed that
o, N(0,(c®/k,)1), k, > 0. Suppose that in reality this

information is biased so that
Er = RB + s, (4.3)

where s, # 0, see Theil and Goldberger (1961), Yancey et al. (1974)
and Terdsvirta (1981c). Combining (4.2) with the sample information

(2.1) yields the mixed estimator

bg (ky) = (X'X + k1R'R)'1(X'y + KR'F).

Compare this with another mixed estimator bR(kZ) where R and (4.3)

are the same as above but the uncertainty of prior information is

altered in such a way that ¢ in (4.2) is replaced by 5 v N(O,(oz/kz)l),
k2 > 0. To find out when bR(kZ) is strongly superior to bR(k1)’ we need

. = OglreRrmy)T ga12

w
I
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see Terdsvirta (1981c). As dj = UR'Sk sj, we can choose K = UR'.

Since for two pd matrices A and B, A - B > 0 implies B™' - A71 > 0

we conclude that L = Sk1 - Sk2 > 0 if and only if k2 > k1. If k1
ko, then L = 0. Thus we can improve upon bR(k1) only by choosing
ky > kg if m > 1. When k, + , bR(kZ) converges towards the
restricted least squares (RLS) estimator bR. Thus, for some combina-
tions of X, B and 02, a mixed estimator can be improved upon by

a RLS estimator.

J =

For two minimax estimators (Kuks and Olman, 1972) b?(k

J
(X'X + kJ.R'R)-1 X'y, j = 1,2, we have
_ 2 ] -1 - -1 1 ) - ' 1
A12 = g UR (SkZTkZSkZ Sk1Tk1Sk1)RU + UR Sk1B1B1Sk1RU UR SszZBZSkZRU (4.3)
where

1

Te. = (21 + RUR\)™T, 5 =1,2.

k.
J

Matrices Sk1, Skz’ Tk1 and Tkz have the same eigenvectors, and since

the eigenvalues of Ska'1Sk are monotonously increasing functions of k,

. ; -1 ~1 ; .

it follows that in (4.3), SszkZSk2 - sk1Tk1sk1 > 0 if and only if k2 > k1,
When R = I, the minimax estimator is simply the ridge estimator.

Thus if p > 1, a ridge estimator b?(k1) with a fixed ridge parameter k,

can in some parts of the parameter space be improved upon by increasing

the value of the ridge parameter while this is not possible by decreasing

the value.
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4,3, Restricted Teast squares estimators

In the previous sub-section the set (Er, R) was kept unchanged

throughout. Here we start from two separate sets of Tlinear restrictions

leading to the RLS estimators

S paey-1 & .
= b + URY(R,UR! ., j = 4.4
3 J(RJURJ) 5553 =152 (4.4)

by

where §j = ;j - ﬁjb. Note that ;j is now deterministic. Our aim
is to derive conditions for strong superiority of bﬁ over bﬁ1 at

(8, 02). Following Guilkey and Price (1981) we define

- R r. . S. r. - R.B
R. = I |, r. = I, 5. = J =3 J |, 5=1,2 (4.5)
j [_R3 J J [ rs ] J [ S3 } [r3 - R3B

so that ry = R3B is a common subset of restrictions for both
sets. Let rj be an mi x 1 vector, and Rj an mj X p matrix,
1 < my + m, + m, <p, j=1,2. Let mj = 0 symbolise the absence of the

jth set of restrictions. We have

— 11ID! /(D 11D! =13 gt g asya=]] -
C= UR2 (R2UR2) RZU - UR1 (R1UR1) R1U (4.6)
and
dJ = Rj(R URj) S.y J 1,2
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Using (4.5) we can write

-1 5 -1 =1
R = ] t - .
URJ(RJU J) R U UR3 (R UR3) R U+ UB RJ DJ .3 R B'U, j=1,2 (4.7)

J?
where
Djj.3 = RjURj RJURB(R3UR3) R3URJ s J = 1,2
and

- nty=1
B = I - Ry (RyURy)™ R,U.

The first term on the r.h.s. of (4.7) is the contribution of the
restrictions r3 = R3B to the covariance matrix of b , Whereas the

J
second term represents the remaining contribution of rJ = RjB after

purging out the effect of r, = R;g. Making use of (4.7) in (4.6) yields

_ -1 ) =1
C = UB(RD) 5 R, R1 Dlj.3 R B'U . (4.8)

The matrix in parentheses in (4.8) is indefinite. Conforming to

the block division in (4.5) we also have

-1 =1
d. = - :
j U{BR! DJJ 3s + (I BRJDJJ 3RJ.U)R3(R3UR

|'1

0703, d=120 (4.9)

From (4.8) we see at once that Theorem 1 does not apply as a proper

L cannot be found.
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Assuming my = 0 so that §1 = R3 makes C positive semidefinite, but yet
no decomposition with rank(L) > p-1 exists since my + My < p. Only if
we set S3 = 0, thus supposing that the common restrictions rg = R3B

_1 N
are true, do we make progress and can choose K = UBRéDzz_3 since d1 = 0.

Applying Theorem 1 we can conjecture that

By, = UBRDS) (02D, o - S,550050 -R,B'U > 0
12 2°22-3 22-3 2°27722.372 <

if and only if

"2|-1

g 54050 <5y (4.10)

I\
Y

Note that s 0 together with m, = 0 make b§1 unbiased. If we compare

8
two biased RLS estimators, no condition for strong superiority of one

over the other can be established in the general case. If my = 0, (4.10)

collapses into the condition of Toro-Vizcarrondo and Wallace (1968)

for the strong superiority of bR over b. We have proved
2

Corollary 1. Assume Linear model (2.1) and two restrnicted Least

squanes estimatons bﬁ1 and bﬁz defined as in (4.4). Then by 45
2

sthongly superion to bﬁ if and only L4
1

(1)  the restrictions ;1 = §18 are a subset in r

they axe thue, and

5 = RZB and

(ii1) 4Anequality (4.10) hofds.

On the othern hand, b§1 L8 sthongly superion to bﬁz L4

m=1,m=my=0 (b§2 = b) and (4.10) 48 invalid.
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The result says in effect that the only possibility for improving

a RLS estimator using linear restrictions is to incorporate further
restrictions into the model. However, for any reduction in matrix
risk, the original restrictions have to be unbiased. The above
mentioned paper by Guilkey and Price (1981, Theorem 3) also contains
results on comparing two RLS estimators, but in Corollary 1 they

appear in the correct form.

Note that (4.10) is a testable hypothesis. Under (4.10) and con-
ditionally on S3 = 0, the statistic
. [ S R
F=0 My 53050.3 52
where 82 = (n - p)-1 y'(I - XUX')y and §2 =r, - Rob, follows a non-

central F distribution with Mo and n - p degrees of freedom and

non-centrality parameter 1/2, cf. also Toro-Vizcarrondo and Wa11ace (1968).

The principal component estimator is a special case of the RLS estimator,
see e.g. Judge et al. (1980, pp. 468-471). In this case the data-specific
Tinear restrictions imposed on the model can never be exactly valid as
the eigenvalues of X'X have been assumed positive. Every principal

component estimator is thus biased, and we have

Corollary 2. Assume modef (2.1) and fwo principal component estimatons.
They are biased and none o4 them L8 strongly superion to the othen. The
OLS estimatorn is sthongly superion to the principal component estimaton
A4 and only L4 exactly one principal component {5 omitted inm the Latten
and (4.10) with my = 0 does not hotd.

The corresponding result in Price (1982), based on Theorem 3 in Guilkey

and Price (1981), is incorrect.
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4.4. Proxy variables

In econometric modelling it sometimes occurs that not all the variables
suggested by economic theory can be observed or collecting the data

may be too costly. In empirical work the unobservables have either been
replaced by proxy variables thought to be related to the unobservable
phenomenon or omitted completely. The proxies have been taken to be either
unobservables measured with stochastic error and thereby observable,

see for instance McCallum (1972), Wickens (1972), Aigner (1974) and
Maddala (1977), or fixed variables as in Frost (1979) and Ohtani (1981).
Maddala (1977) discusses the principal differences between these two

approaches.

In the spirit of our general result, only fixed proxy variables will be

considered here. Write (2.1) as
.y =X1B1 +X282 + €

where Xj is a Py X 1 matrix and rank (Xj) =P and Bj is a P X 1 vector
of regression coefficients, respectively. Let Z2 be the matrix of the

fixed proxy variables replacing the unobservable XZ‘ Furthermore, Tet
S L TT I L Lt
1 0|~ 0

where U1 = (X;X1)'1, be the OLS estimator of B = (B; Bé)' when X2 is
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omitted, while
bor | .
| B2z |

is the corresponding estimator based on the OLS estimation of

RIRAL)
Z3X, 152

b -
2 1 9%

Ry (4.11)
7, | Y
- 2 -

-

*
y = X1B1 + 2282 + e,

Conforming to the above block division we can write

. ' =151 =11
. [~U1 0 ] and 0 - U1 + U1X122F 22X1U1 -F ZZX1U1

1 -1 -1
- : U X} ZF F

where

' 3 = - b o
F = ZZM1ZZ > 0 with M1 I X1U1X1

Thus

-1 | 2
F™ (-Z,X,0, 1) 2 0. (4.12)

I

-U,X:Z
o8 { 1242

In the errors-in-variables case with two regressors and one proxy,
McCallum (1972) and Wickens (1972) have recommended the use of the

proxy variable because it always lowers the bias of the estimator of

the scalar 81.
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Here it can be noticed, see (4.12), that when the proxy variables are
assumed fixed the variance of any of the components of b2 is never smaller
than the variance of the corresponding component of b1. Emphasizing the
importance of variance and neglecting bias would therefore lead us

to recommend the omission of X2 and never the use of proxy variables,

a conclusion diametrically opposite to that of McCallum and Wickens.

For a more balanced analysis, it can be found from (4.12) that the only
strong condition we can hope to derive in the general case is for

the superiority of the "omission alternative" b1 over the "proxy alter-

native" b2.
But then,
. - 1 _ ..1 1
1 - s = - 1 X B *
| = I | 2 2 ] F 122M1 | 252

Combining (4.12) and (4.13) it is obvious that Theorem 1 is not
applicable and no strong superiority condition can be established.

This is in accordance with the conclusion of Frost (1979) arrived

at by different considerations.

The outcome is not altered if we only consider loss matrices

A = diag(A11,0), App 20 ds py x Pqs i.e.,restrict ourselves to
the estimation of B Tike e.g. McCallum (1972), Wickens (1972) and
Aigner (1974). However, assume that X1 and X2 are in fact

orthogonal. Then cov(b11) - cov(b21) < 0 as before while b, is
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unbiased. Thus, substituting proxy variables for X2 both increases
variance and introduces bias so that in that particular situation the
omission of X2 is always a better alternative that the proxy variables

Z2 when strong superiority is concerned.

5. Conditions for weak superiority

If a weak superiority condition is used, the main difference as compared
to previous sections is that the condition will be a scalar condition.
When. the necessary and sufficient condition for weak superiority of
b2 over b, at (3,02) does not hold, this indicates weak superiority of b1

over bs, This was generally not true for strong superiority.

Definition 2 for weak superiority of b2 over b1 yields, using (3.1),

o2tr(D!X'XD, - D X' XD

2
1 1 72 2)

= G“trX'XC > dAX'Xd

2 - d

1X'xd, . (5.1)

2

In what follows we shall study some interesting special cases of (5.1).
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5.1. Shrinkage estimator with fixed shrinkage factor

The two estimators to be compared are b1 cyb and b2 = c2b with

0<c,<cq 1. Then (5.1) becomes

6T Mlep - 1 = (cq - DZ18'X"X8 < (2 -c2)p
or

o 2B X' XB< p (5.2)
where

_ =1 .
= 2(c1-+c2) 1;

As in the case of strong superiority, <y 2 C, is a necessary condition
for the superiority of b2 over b1. Thus b1 can sometimes be improved
upon by shrinking further towards the origin. Note that (5.2) is

Th1X'Xb with 6% =

a testable hypothesis. Under (5.2), F = S-Zp-
(n - p)'1(y - Xb)'(y - Xb) follows a non-central F distribution with

p and n - p degrees of freedom and non-centrality parameter p/2c.
Rejecting (5.2) happens at large values of F and means preferring

b1 to b2. Choosing b1 =b (c1 = 1) we have a simple pre-test estimator
which is a weighted combination of b and b2. When Cy = 1, and Cy is

very close to unity, (5.2) is rather 1ikely to hold at a given point
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(B,oz) even if there are always points in the parameter space where
(5.2) is not valid. This conclusion is obvious from Terdsvirta (1981b),

but here it is reached from a different viewpoint.

5.2. Mixed and ridge estimators

When strong superiority of mixed estimators was considered it was noticed
that to improve estimation as compared to the estimator bR(k1) with fixed
k1 it was necessary choose a constant k2Z>k1. A similar result was seen

to apply to ridge estimators. This ceases to be true when weak superiority
is used as a criterion. Nordberg (1982) has demonstrated that as a
function of k, the mean square error of the ridge estimator may have

more than one minimum in (0,~), and the same is obviously true for the
predictive MSE as well. While (5.1) gives the necessary and sufficient
superiority condition, it does not allow us to draw any straightforward

analytical conclusions about the relationship between k1 and k2.

5.3. Restricted least squares estimators

In Section 4.3 conditions for strong superiority of a RLS estimator
over another were found to be rather strict. In the following

we shall see how much more relaxed the conditions for weak superiority

will be.
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For the weak superiority of bﬁz over bﬁ we have from (5.1), assuming
1

my = 0 for simplicity, that

-2, (y-1 . -1 )
0 “{s5(RyURS) " 'sy = s (RGURy) ™ 'syd <my = my (5.3)

Inequality (5.3) implies that a necessary condition for superiority
is that the number of linear restrictions in bR is at Teast as great
2
as in bp . Ifm, =0, (5.3) is simply the second weak MSE condition
1

of Wallace (1972).

By restricting the above assumptions somewhat, useful results can be
obtained. Suppose that the second set of Tinear restrictions is nested
in the first, i.e., RZB =r implies R1B =Ty and m, < m, - Thus we
have R1 = GR2 and ry = Gr2 where G is a my X my matrix with rank my s

and the following theorem can be shown to be valid:

Theorem 2. Assume the Linear model (2.1) and two sets of Linear
nubuu%mwRﬁ%=rVLMM£RjLAmjxp,m1<m2<m,j=1£,wuh

R1 = GR2 and Py = Grz. Then

= o =2 Tea LA o -1z

F=o0 my - m1) (SZ(RZURZ) S5 - s;(R1UR1) 51) (5.4)
wherne

~2 _ 1o 1

" = (n - p) 'y"(I - XUX")y
and
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follows a non-central F distribution with my - m, and n - p degrees of
fneedom and non-centrality parameter (202)'1{sé(RZURé)'152- si(R1URi)'1s1}.
The proof is in the appendix.

From Theorem 2 it follows that (5.3) is a testable hypothesis and when
it is assumed valid, (5.4) has a non-central F(m2-1n1, n-p, (mz-m1)/2)

distribution. Next we shall discuss an application of this result.

5.4. Polynomial distributed lag estimation

Assume a finite distributed lag model (2.1) where now the columns of X
are consecutive lags of the first column. In small sample situations

a popular estimation scheme has been the polynomial distributed lag es-
timation in which itis assumed that the regression coefficients

BysB8qs--.sB,, 1ie on a polynomial of order g (Almon, 1965). This assumption

p '
can be expressed as a set of linear constraints RB = 0 where the jth

row of the (p - q)x(p + 1) matrix R is

(000, 1,-( 3 D 3@ T Do 0 0,0

cf. Shiller (1973) and Terdsvirta (1976). Note that the number of columns
in X is now p + 1. The number of zeros at the beginning of the row

is j - 1 and at the end p - q - j. A practical problem is that both

the Tag length p and the proper order of the lag polynomial q

(the polynomial assumption is usually at most approximately cor-

rect for any low value of g) are unknown parameters. Various ap-
proaches to determining p and q, or q given p, from data have been sug-

gested in the Titerature, for an overview see Hendry et al. (1982).
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The above theory can be used for testing hypotheses about the lag

length and the order of polynomial. Let Rq denote the constraint matrix
when the order of polynomial is q. Then Rq = GqRq-1 where Gq is
a(p-q)x(p=-q+ 1) matrix whose jth row is (0,...,0,1,-1,0,...,0).

The number of zeros at the beginning is j - 1 and at theend p -q -j - 1.

More generally

Rq1 = Gqu, 0 < 95 < 9y < p, (5.5)

where G = Gq1Gq1_1 s e qu

that Towering the order of polynomial from 4y =p-m - 1 to

o and using (5.4) we can test (5.3)
9, =p-m =1y a4 > G5 reduces the predictive MSE.

The pairwise comparisons made possible by the above theory do not
seem very expedient in choosing the best combination of p and g.
However, based upon (5.3) and (5.5), a sequential testing procedure
with certain optimal properties can be constructed for determining
those two parameters. This procedure amounts to testing a sequence
of nested hypotheses, cf. e.g. Anderson (1962; 1971, pp. 270-276) and

Mizon (1977). We shall now take a closer look at this proposal.

Suppose that the maximum lag is at most p and degree of polynomial not

higher than q. Furthermore, set

- _ 2= s _,
Qg = o Spj(RpjURp5) " 3p;
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where

Rp-j = (0 Ij)’ Ij is the j x j identity matrix

and

Sp-j = Rp-®:

We start by testing the Tinear hypothesis that excluding the longest

lag reduces the PMSE, or,

o]

p-1* Sp-t 3

No other restrictions are considered as yet. Define

where

and set Fp_1 =

Under (5.6), Fp_1 ~vE(Tn - p - 1, 1/2), cf. also Wallace (1972).

If H

over bﬁ.
p-1

p=1 is accepted, we proceed by testing the weak superiority of b

R

p=2
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Hp_lep_1’ Qp-z & Qp-1 <1 (5.7)
When (5.7) holds conditionally, Ep-Z has the same non-central
distribution as Ep_1 under Hp_1. In general, after a sequence of
accepted hypotheses Hp-1’{Hp-ZIHp-f}"'”{Hp-(j-1)IHp-(j-Z)""’Hp-1}
the next conditional hypothesis will be
. ayseeesHor Qo= QL. <1 5.8
Ho-31Hp-(3-1) fp-17 Qp-g ™ Qp-jut & (5-8)

Under (5.8), Ep-j has again an F(1,n - p = 1, 1/2) distribution.

Assume now that the null hypothesis 6 - Qp_J < 1 is rejected.

p=J-1
Then we move one step backward and compare the restricted least squares

estimator with maximum lag p-J with the estimator with the same maximum

lag and the polynomial restriction of order q<p-J. We have

00 9y : Q = < = 5'9)
quHp_J: Hp_1 Qq Qp-J > p q (
where p - g > 1, and

i =3 (RURYH'g

q 9 9 g9 q
with

= Rq 0 . ~

R = d = R

q " IJ an sq qB

Taking account of (5.9) and the fact that (5.8) for j = J was

accepted, we can test (5.9) conditionally on the earlier conditional
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~

~a? -1,5
q = aq (p'q) (Qq = QD-J)

follows an F(p - q,n - p = 1,(p = q)/2) distribution because

~

hypotheses. Under (5.9), in obvious notation, F

the sequence of linear hypotheses is nested. If (5.9) is accepted, the
degree of polynomial is tentatively lowered by one, and the corresponding

hypothesis 1is

-~

H H ,H .osH_ 42 Q =0 < 1 (5.10)

q-1]"q> 'p=d*"""*"p-1

~
~

a-3 ~ Yg-get? q-1
central F(1,n = p - 1, 1/2) distribution. In general, after having ac-

Set F s = Q j > 1. When (5.10) is valid, F has a non-
cepted the previous hypotheses, we can test the weak superiority of

by over by s 1484,

Ra-3 Rq-J+1

-~ -~ -~ ~ ~

Hyej|H H_,H WHo 41 Q . -Q

qegit s Mo gsee ety gt Qs = Qg <1 (5.11)

~

Under (5.11), F__.~ F(1,n = p -1, 1/2). When the first re-

q=J
jection occurs at degree q - K - 1, say, then the combina-

tion (p - J, g - K) is chosen to represent the 1a§ Tength and the

proper order of the poiynomial.

Another sequential procedure appears in Pagano and Hartley (1981),
but there are dissimilarities between their method and the

technique proposed here. Pagano and Hartley want to test whether the
regression coefficients of longest lags are indeed zero and, there-
after, following Godfrey and Poskitt (1975) whether the polynomial

restrictions are exactly true. In our approach less categorical
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hypotheses are formulated and tested, but this is not crucial. The
above hypotheses can be easily modified if desired. For instance,
testing for the true lag length sounds reasonable since we have

a finite lag model. But then, subsequent testing for the degree

of the polynomial may well be carried out with the risk reduction

in mind because any non-trivial polynomial restriction can hardly be

expected to hold exactly in practice.

A more important difference is that our procedure is a direct generalisa-
tion of the optimal sequential testing procedure of Anderson (1962)

to the PMSE reduction case while that is not true for the Pagano-Hartley
procedure. The testing is carried out against the immediately preceding
less restricted model and the test statistics are uncorrelated. If the
null hypotheses (5.6), (5.7), (5.8), (5.9), (5.10) and (5.11) are

altered by equating their left-hand sides to zero so that the cor-
responding test statistics follow central F distributions under the

null hypotheses, the classical Anderson procedure is obtained, except

for one dissimilarity. A1l our test statistics contain the same estimator
82, whereas Anderson (1962) uses the residual variance estimated from

the immediately preceding less restricted model to which the model

to be tested is compared. There is, however, a natural explanation to
this difference. If an hypothesis that a linear restriction is valid

is accepted, then a conditional unbiased estimate for the error

variance 02 is obtained from that restricted model and it can be used

at the next stage. Since our procedure does not consider the truth of

the restrictions but only their usefulness in reducing PMSE, the only

unbiased estimator available is 02.
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On the other hand, when Pagano and Hartley (1981) search for the cor-
rect lag length they test the following sequence of hypotheses till

the first rejection:

* .: ] . = 0’ : = 1’2’...‘ (5012)
Hpmg® ¥p-3° J

where v_ . = (0,...,0 )'. The

p-j Vp-j+2,p-j+2°2Vp-j+2,p=j+3° ** *Vp-j+2,p+1

number of zeros at the beginning is p - j + 1.

The test statistics corresponding to the sequence (5.12) are uncor-
related due to an orthogonal transformation of (2.1), but the problem
is that this sequence of hypotheses does not correspond to that of
the optimal procedure in the original parameter space because the
hypotheses in (5.12) are not nested there. The same applies to

the hypotheses concerning the degree of the polynomial. Incidentally,
this leads the authors to employ 32 as the estimator of 02 in all
their test statistics. In short, the procedure of Pagano and Hartley
(1981) is not optimal in the sense of Anderson (1962). Results upon
the performance of the method suggested here will be reported in a

forthcoming paper.

5.5. Proxy variables

In order to allow for proxy variables, we have to modify the definition of

the predictive mean square error E(b -8)'X'X(b - B) slightly.
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Define the PMSE of the least squares estimator b2 when proxy variables

are employed as

= oz(p1 +py) + By XM (T - zzF'1Zé)M1x232. (5.13)
Since
2 Y g
PMSE(b1) = E(b1 - B)'X'X(b1 -B)=a0a Py + 82 X2M1X282
we have

_2 1yl '1|
PMSE(bz) - PMSE(b1) =07p, - 82X2M1ZZF 22M1X282.

so that a necessary and sufficient condition for b1 to be weakly

superior to b2 is

'2|| '1|
o “BYXIM Z,F T ZM X8y < Dy (5.14)

By choosing p, = p, = 1, (5.14) reduces to the superiority condition
given by Ohtani (1981).
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If X1 is orthogonal to X2 but not to 22, then (5.14) has the form
o2z F 2 8, ¢
phptat “hgfghs % Py ¢

Note that the corresponding condition for b1 to be superior to the

OLS estimator b is
02BN, X8, < p (5.15)
2721722 = r2° .
From (5.13) it is seen that

RVA '11 [RVA
BoXoMyZoF "ZoMXoBy < BoKoMyXoBy

Thus, if (5.15) holds so does (5.14), and we can conjecture

Theorem 3. Let b1 be the estimatorn of B obtained by omitting Po
variables X2. 14 this estimator L8 weakly superior to the OLS
estimaton b then Lt is weakly superiorn to any estimaton b2 in which

a set 04 proxy variables Z2 have been substituted fon X2'

The theorem simply says that if the unobservable variables do not

have prediction power then it is not worthwhile to substitute proxies

for them.
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6. Summary

In this paper we have derived conditions for strong and weak superiority
of a heterogeneous linear estimator over another. In particular, it is
demonstrated that in the case of RLS estimators the strong superiority
is indeed a very strong requirement while the use of weak superiority
opens possibilities for testing for the superiority of a RLS estimator
over another in a relatively general case. These tests can be fruitfully

applied to the polynomial distributed lag estimation.

For various shrinkage estimators the general result is that they can

only be improved upon by increasing shrinkage. As to the use of proxy
variables in linear models, no condition for strong superiority in either
direction exists while a necessary and sufficient condition is readily
available for weak superiority. It also turns out that if an omission

of variables yields a smaller PMSE than possessed by the OLS estimator

of the full model, then this "omission" estimator is weakly superior

to any least squares estimator with proxy variables.
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Appendix

Proof of Theorem Z: Consider first the numerator of F and define

O
(]

e'Aje, j=1,2

where

p -
1]

| |'1 1
XURj(RjURj) RjUX i

Then, because R1 = GRZ’ we have A1A2 = A2A1 = A1 so that A2 - A

is idempotent, and rank (A2 - A1) = tr(A2 - A1) =m, - m.

Then o™ (q, - Q) ~ X (my = m ), cf. Rao (1965, p. 150). From this it
- '2 Al ] "1" - ~ 1 -1'\

follows (Rao, 1965, p. 150) that Q = ¢ {SZ(RZURZ) S, si(R1UR1) s1}

has a non-central XZ distribution with m, = m, degrees of freedom and

. _ 2\ - _ 1 t -1
non-centrality parameter (1/2)EQ =(2¢°)" {SZ(RZURZ) 5, s1(R1UR1) 51}
Note that (I - XUX')AJ =0, j =1,2. Since normality was assumed this

implies that 32 is independent of the numerator and the result of the

theorem follows.

Footnote (on page 3)
1)

A > 0 means that the square matrix A is non-negative definite. If A
is positive definite, notation A > 0 will be used.





