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Abstract

In this paper we introduce multi-server queueing systems that can be considered as extensions of conven-
tional M/M/s queue to fractional number of servers. We show that the extended Erlang’s delay function
can be used to calculate delay probabilities for such systems. This approach enables the delay analysis in
networks with fractional number of servers in the nodes using classical methods.
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Tiivistelma

Tassa artikkelissa esittelemme monen palvelimen jonojarjestelmédn, jossa traditionaalinen M/M/s jonoka-
site laajennetaan murtolukumaarélle palvelimia. Ndytamme, ettd yleistettyd Erlangin viivefunktiota voi-
daan kayttaa tallaisen jarjestelmén viivetodenndkdisyyksien laskemiseen. Esitetty menetelma mahdollis-
taa viiveiden laskennan klassisia menetelmia kdyttden yleistetyissa jonojarjestelmissd, joiden solmuissa
on murtolukumaara palvelimia.
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1 Introduction

We introduce multi-server queueing systems that can be considered as extensions of
conventional M/M/s queue to fractional number of servers. We show that the extended
Erlang’s delay function can be used to calculate delay probabilities for such systems. This
approach enables the delay analysis in networks with fractional number of servers in the

nodes using classical methods.

Erlang’s loss function and Erlang’s delay function have been widely used for the analysis of
multi-server systems since their appearance in (Erlang, 1917). These functions give the
blocking probability for systems without waiting places and delay probability for systems
without losses. Analytical continuation extends these functions to non-integral value of the
number of servers (Bretschneider, 1973), (Jagers and van Doorn, 1991). Extended Erlang’s
loss function is used for the analysis of complex systems with losses by teletraffic
engineering methods like equivalent random traffic and Hayward’s approximation (Iversen,
2011). Equivalent random traffic for queues method as well as optimal server allocation
requires calculation with extended Erlang’s delay function (Nightingale, 1976), (Down and
Karakostas, 2008), (Naumov and Martikainen, 2011). But, to the author's knowledge, there
are no descriptions of systems which can be interpreted as multi-server system with fractional
number of servers. In this paper we introduce a queueing system, in which the delay
probability is given by extended Erlang’s delay function, and which for integer value of

parameter s operates as conventional multi-server queueing system.
2  M/M/s queue

Consider queueing system with s servers and infinite number of waiting places. Assume that
arrival process is Poisson with arrival rate 1, service times are exponentially distributed with

service rate  and p=A/u<s. Then the mean residence time in the system is given by

the following well known formula
Hoosp—A (1)

Here Erlang’s delay function C(p) gives the probability that a customer has to wait in the

queue:
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Erlang’s delay function C,(p) can be expressed through Erlang’s loss function Bg(p) as

_ sBg(p)
SO -8,y ®
where
s s _k -1
P P
Bs(p)= ( J .
s &) k! 4)

For traffic engineering purposes, Bretschneider has proposed in (Bretschneider, 1973) an

analytic continuation of Erlang’s loss function to non-integral values of s by

Sg=P (5)
By (p)= 0,00 >
e dt
P
which can be rewritten as (Jagerman, 1974):
-1

©

Bs(p){pfo e p[(1+t)sdt) : (©6)

For all integer s this function coincides with (4). Similar analytic continuations of Erlang’s
delay function, which for all integer s coincides with (2), have been proposed in (Jagers and

van Doorn, 1991) by

-1
Cy(p)= ( p.[(:oe_pt 1+1)"7! tdtj ) (7)
It is easy to prove that formula (3) also remains valid for functions (6) and (7) (see, e.g.,

Karsten et al. 2011).

For calculation of extended Erlang’s delay function Cg(p) we use formula (3) in which

extended Erlang’s loss function Bg(p) is computed in Matlab environment (Martinez and
Martinez, 2002). We rewrite (5) as

Ssr1(p) o
1-Fo(p) , ®)
where f), (x) and F, (x) are the probability density function and the cumulative distribution

Bg(p)=

function of the standard gamma distribution respectively,



Queueing Systems with Fractional Number of Servers

_ L 1y R S P2 W
fy(x)—r(a)x e, Fy(x)_r(a)jot e ldt.

In Matlab environment these functions can be computed as f7 (x) =gampdf(x, ,1) and

F, (x) = gamcdf(x, ,1).

3 Extended M/M/s queue

In this section we describe a family of multi-server systems with Poisson arrival processes
and state dependent service rates, which can be interpreted as extensions of the queueing
system M/M/s to non-integral value of s. Let R(x) be continuous function, which is positive
for x > 0 and satisfies:

|x |<R(x)<|x]+1, x>0, 9)

where |_xJ is the integer part of x. Let also s be a positive number, n = \_sj, and r=R(s).

Consider a queueing system with Poisson arrival process, n+1 servers, and infinite number
of waiting places (see Figure 1). Servers 1,2,..., n have same service rate g, while service
rate of the server n+1 depends of the customer presence in the queue. If the queue is empty,
server n+l has service rate (r-n)u, otherwise it has service rate (s -—n)u . We call
servers 1,2,..., n as fast servers and the server n+1 as slow server, since its service rate is
always less that 4. Note, that for 0 < s <1, the system has only one slow server.

@ slow server

— 11117 ®

waiting places

1 fast servers

Figure 1. Queueing system with fractional number of servers.

Arriving customer first checks whether one of fast servers is free. If all fast servers are busy it
checks whether the slow server is free. The first available server starts service. If no servers
are available the customer waits in the queue. If fast server finishes service at a time when the
slow server is busy, the customer processed at the slow server is immediately moved to the

vacant fast server and its service is resumed from where it was left. Therefore slow server
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may be busy only if there are no free fast servers. As soon as a server becomes free and the

queue is not empty a customer is selected from the queue and dispatched to the free server.

If s is close to n+1 then service rate at the slow server is close to . It processes customers as

fast server and the system behaves as M/M/n+1 queue. If s>1 is close to n then the slow
server unlikely has enough time to finish service: when a fast server finishes its service the
work processed at the slow server is interrupted and continued at the fast server. In this case

the slow server is used as additional waiting place and the system behaves as M/M/n queue.

Let A be arrival rate, and p=A/u <s. Itis easy to see that the number of customers in the

system is the birth-and-death process with birth rates 4, = 4 and death rates given by

ku, 1<k<n,
U =T, k=n+l, (10)
sp, k>n+2.

The stationary distribution of the number of customers in the system is given by

-1
n _k n+l
S
p(o){ p_+p_J ,

i K (s—p)rn! (11)
k
p(0)2—, 0<k<n,
k!
pk) = " k-n-1
p(O)p—(ﬁ)[ﬁj . k>n+l. (12)
n! \r)\s
Therefore for the mean residence time in the system we have (Lazowska, 1984):
<k 1 Cs(p)
T=)>) —plk-1)=—+— , 13
kz::l M uoosp—Aa (13)
where
p(n) ( 2 2)
C =———\1-9)s" +ops+(s— - .
r,s(P) Hs—p) ( )s s+ (s=r)(s—p) (14)

Note that the probability p(n) in (14) can be expressed through Erlang’s loss function as
r(s=P)En(p)
r(s—=p)+spEy(p)

p(n)=

From (9) it follows that for integer s, function R(s) satisfies R(s)=n, and it is easy to see

that the mean residence time given by (13) coincides with the mean residence time in the

M/M/s queue. Therefore function CR(s),s(P) in (13) can be considered as extension of

Erlang’s delay function Cy(p). We consider three options for the function R(s):
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2) Ry(s)=s; (16)
_ Ve _
3) R3(s)—n+§\/z+(1_5)\/;, S=s—n. 17)

Case 1. If we equalise right sides of (1) and (13), for the function R(s) we get formulas (15).
In this case for any positive s the mean response time in the described system is given by

formula (1), and for the delay probability we have C Ry(s),s( p)=Cy(p). We may say that the

system with R(s) = Ry () is a truly extension of the system M/M/s to non-integral value of s.

Case 2. In the simplest case with R(s)=s the service rate of the slow server does not

depend of the number of customers in the queue. The number of customers in the system is

the birth-and-death process with birth rates 1, = 4 and death rates given by

B ku, 1<k<n,
P = sy, k=n+l,

and for the mean residence time in the system we have

s
Cs,s(p)= p(n)( - 5]-
s=p
Case 3. This case does not require calculation of gamma distribution but C R3(s),s (p) gives

better approximation to the delay probability Cg(p) then Cg (p). Figures 2 and 3 show

delay probability C Rj(s).s (p) for functions R(s),Ry(s),R3(s), and p/s=0.1, 0.5, 0.9.

4 Conclusion

In this paper we introduced a family of multi-server queueing systems that can be considered
as extensions of conventional M/M/s queue to fractional number of servers s. One member of
the family, specified by the function (15), has the mean residence time given by formula (1)

with extended Erlang’s delay function. Other family members can be used for approximate
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calculation of delays in multi-server queues with fractional number of servers. Each system
has Poisson arrival process and state-dependent service rates. Therefore our approach
enables the analysis of open and closed networks with nodes having fractional number of

servers using well known methods (Lazowska, 1984).
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